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Abstract. A necessary and sufficient condition for the simplicity of the C*-algebra reduced free 
product of finite dimensional abelian algebras is found, and it is proved that the stable rank of 
every such free product is 1. Related results about other reduced free products of C*-algebras 
are proved. 



Introduction. 



^ ■ The reduced free product of C*-algebras with respect to given states was introduced inde- 

f ^ I pendently by Voiculescu [19] and Avitzour [2]. It is the appropriate construction associated to 

Voiculescu's free probability theory, (see [19], [21]). The motivating example concerns reduced 
/\ ' group C*-algebras. For a discrete group G, its reduced group C*-algebra is generated by the 

^ left regular representation of G on l'^{G) and is denoted G*{G). Its canonical tracial state 

(which is the vector state associated to the characteristic function of the identity element of 
G) is written tq- Then for discrete groups Gi and G2-, the reduced free product construction 
yields 

(C;(Gi),rGj*(C;(G2),rGj = (C;(G),rG), 

where G = Gi * G2 is the free product of groups. 

Voiculescu's definition of freeness is an abstraction of some essential facets of the rela- 
tionship between the copies of G*{Gi) and G*{G2) embedded in C'*(G), with respect to the 
trace tq- The reduced free product of C*-algebras can be described with respect to freeness 
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as follows. Let Ai and A2 be unital C*-algebras with states (pi and respectively 02, whose 
associated GNS representations are faithful. Then the reduced free product of {Ai,(j)i) and 
{A2, 4>2) is the (unique) unital C*-algebra 21 and state cj) with unital embeddings A^ <-^ 21 such 
that 

(1) the GNS representation associated to (j) is faithful on 21; 

(2) 0U^ = </).; 

(3) Ai and ^2 are free with respect to (p; 

(4) 21 is generated by Ai L) A2. 
We denote this by 

(2l,(/)) = (Ai,(/)i)*(^2,</'2). (1) 

It is further known [19] (or see [21, 2.5.3]) that </) is a trace if (pi and (p2 are traces. Moreover, 
by [7], (p is also faithful on 21 if (pi and (p2 are faithful. 

The reduced free product thus provides a multitude of constructions of C*-algebras, 
about which some results are known (see [19], [2], [11], [10], [9]). For example, many can 
be distinguished one from the other using K-theory, (see [11] and [12]). However, questions 
abound. 

Perhaps the most basic question concerns simplicity of reduced free product C*-algebras. 
In [15], R.T. Powers showed that the reduced group C*-algebra of the free group on two 
generators, C*{F2), is simple and has unique tracial state. Paschke and Salinas [14] then 
proved the same for C*{G) whenever G = Gi * G2 is the free product of groups, where Gi has 
at least two elements and G2 has at least three. Avitzour [2] generalized further and showed 
that, for the reduced free product (1), 21 is simple if there are unitaries u,v ^ Ai and w ^ A2 
such that 

(pl{u) = (Pi{v) = {) = 4>i{u*v), (pi{u* ■ U) = 01, 

(2) 

(p2{w) = ^, (p2{w* ■ W) = (p2. 

(Actually, Avitzour required also (pi and (p2 to be faithful, but this hypothesis is easily dis- 
pensed with.) 

Avitzour's conditions imply simplicity of many reduced free product C*-algebras, but 
there are plenty of cases where Avitzour's conditions are not satisfied (see §4 of [9]), yet 
intuition (or the analogous result for von Neumann algebras, see [5]) suggests the algebra is 
simple. In this paper we give necessary and sufficient conditions for simplicity of the reduced 
free product of arbitrary finite dimensional abelian C*-algebras. Stated briefiy, if 

{%t) = {A,ta)*{B,tb), (3) 
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where A and B are finite dimensional abelian C*-algebras satisfying dim(^) > 3 and dim(i?) > 
2 and with faithful tracial states, ta and tb, then 21 is simple if and only if whenever p is a 
minimal projection of A and g is a minimal projection of -B, we have 



ta{p) + TBiq) < I. (4) 



The necessity of this condition can be seen from [1]. Note that the condition from [5] for 
the analogous free product of von Neumann algebras to be a factor is (4) but with the strict 
inequality replaced by <. In addition, when the free product algebra, 2t, from (3) is not simple, 
our analysis allows one to easily find all ideals of 21. 

We also show that for every reduced free product C*-algebra, 21, as in (3), the stable 
rank of 21 is 1, regardless of the simplicity of 21. The (topological) stable rank was invented 
by M.A. Rieffel in [17] as a sort of dimension for C*-algebras, and was in [13] shown to be 
equal to the Bass stable rank. The first result about the stable rank of reduced free product 
C*-algebras is in [9], where it is proved that the free product with respect to traces of C*- 
algebras Ai and A2 has stable rank 1 if the Avitzour conditions (2) are satisfied. Hence the 
present paper's results regarding stable rank are, for a restricted class of C*-algebra reduced 
free products, a considerable generalization and lend support to the plausible conjecture that 
every reduced free product of C*-algebras with respect to faithful, tracial states has stable 
rank 1. 

In §1 we state the main results proved in the paper. In §2 concepts and results essential 
for the sequel are covered, including some dealing with stable rank, full hereditary subalgebras 
and free products. In §3 we prove simplicity and stable rank 1 for free products of two C*- 
algebras, when one is diffuse in a specific sense. In §4 the results about the free product 
of finite dimensional abelian algebras are proved, as well as some related results about free 
products of more general algebras. In §5 free products of abelian C*-algebras with states 
that are inductive limits of the algebras considered in §4 are proved. In §6 we consider free 
products of infinitely many finite dimensional abelian C*-algebras. Finally, in §7 we make two 
conjectures about simplicity of other free product C*-algebras. 



Pi P2 

c©c©- 

ai Q2 


Pn 

••©c 

On 


<?1 92 

c©c©-- 

/3i /32 


• © c. 

/3™ 



(5) 



4 SIMPLICITY OF FREE PRODUCTS 1:06 o'clock, 7 February 2008 

§1. Statement of the main results. 

In this section, we state the main results in more detail. Let 

(Ata) 

iB,TB) 

This notation means that n G N, that 

-rl ^ ^w/ ^ • • • ^ v^, 
^^ V ' 

n times 

that pk is the projection 

Pfc = 0©---©0©l©0©---©0, 

^^ V ' ^^ V ' 

k—1 n—k 

and that ta is the state on A given by TA{pk) = Ofc- We thus need ak > and ^" Ok = 1, 
and because we want the GNS representation of ta to be faithful we will always take ak > 0. 
The same considerations apply to {B,tb) in (5). 

Theorem 1. Let {A,ta) and {B,tb) be finite dimensional, ahelian C* -algebras with faithful 
states as in (5), with dim(j4) > 3 and dim(i?) > 2. Let 

{%t) = {A,ta)*{B,tb) 

be the reduced free product of C* -algebras. Let 

L+ = {{i,j) \a, + l3j >1} 
Lo = {(i,j) I ai + /3j = 1}. 

Then the stable rank of^isl and 

2t = 2lo© C (6) 

where pi A qj = \min^oo{Pi(lj)^ ■ If Lq is empty then 2to is a simple C* -algebra. Otherwise, 
for every {i,j) £ Lq, although s.o.-liiRn^ooiPiQj)" = 0, there is a unital *-homomorphism 
7r[ij) : 2lo ^ C such that TT(ij){rQPi) = 1 = TT(ij){roqj) and 
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is simple, nonunital and with unique tracial state 0(ro)~^0| . 

The notation in (6) means that 21 = 2lo if Lj^ is empty and otherwise 

2t = 21o® C®- - -®C . 

\Lj^\ times 

In addition, for each (i,j) € -L+ the corresponding central summand is C{pi A qj) and r(pi A 
Qj) = CKj + Pj — 1. The assertion that s.o.-lim„^oo(j»igj)" = when a^ + f3j = 1 refers 
to the strong-operator limit in the GNS representation of 21 with respect to r. Finally, 
ro = 1 — X](i i)eL Pi ^ 1j i^ *^^ projection which is the unit of 2lo © © • • • © 0. 

Analogous results hold for free products of more than two finite dimensional abelian 
C*-algebras and for free products of direct sums of other abelian C*-algebras, (see Proposi- 
tions 4.8, 4.9 and 5.3). 

The following result is used in the proof of Theorem 1 and is also of independent interest. 

Theorem 2. Let A and B he unital C* -algebras with states (pA, respectively (J)b, whose GNS 
representations are faithful. Let 

(2l,0) = (A</'A)*(i?,0B). 

Suppose B ^ C and the centralizer of (J)a has an abelian subalgebra D = C{X) such that the 
restriction of (J)a to D is given by an atomless measure on X. Then 21 is simple. If (J)a o-nd 
(j)B CLre traces then 21 has stable rank 1 and (p is the unique tracial state on 21. // one of (J)a 
and (pB is not a trace then 2t has no tracial states. 

§2. Preliminaries. 

Definition 2.1. Let ^ be a unital C*-algebra and (p a state on A. Let B = C{X) be an 
abelian C*-subalgebra of A containing the unit of A. We say that (p is diffuse on B if </>! „ is 
given by a measure on X having no atoms. It will usually be clear from the context which 
state we mean, and then we will speak simply of B being a diffuse abelian subalgebra of A. 

Given a C*-algebra with state (A,(j)), a Haar unitary (with respect to (p) is a unitary 
element, u ^ A, such that (p{u^) = for every nonzero integer n. 

Proposition 2.2 [9, 4.1(i)]. Let B be a unital, abelian C* -algebra with state (p. Then (p is 
diffuse on B if and only if B contains a Haar unitary (with respect to <p). 

Recall that the centralizer of the state (/) is {a G A | Vx € A (p{ax) = (p{xa)}. We will 
often be interested in the situation when the centralizer of (p contains a Haar unitary. 
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An ideal of a C*-algebra always means a closed, two-sided ideal. 

For unital C*-algebras Ai,A2,... , An, it is an obvious fact that Ai (B A2 (B ■ ■ ■ (B An has 
stable rank 1 if and only if for each j Aj has stable rank 1. In addition, we will make use of 
the following results, due to Rieffel. 

Proposition 2.3 [17, 3.3]. Let n G N and let A be a C* -algebra. Then A has stable rank 1 
if and only if AfSi Af„(C) has stable rank 1. 

The following result follows from [17, 4.4 and 4.11] together with the fact that in a finite 
dimensional C*-algebra B, the left invertible elements are invertible, hence the connected 
stable rank of B is one. 

Proposition 2.4. Let A be a C* -algebra with an ideal, J , such that A/, J is finite dimensional. 
Then A has stable rank 1 if and only if J has stable rank 1. 

Recall that a hereditary C*-subalgebra, B, of a C*-algebra, A, is said to be full if there 
is no closed, proper, two-sided ideal of A containing B. 

Proposition 2.5. Let A be a C* -algebra with countable approximate identity. Take h ^ A, 



h>0 and let B be the hereditary subalgebra, HAh, of A. Suppose that B is full in A. Then 

(i) A has stable rank 1 if and only if B has stable rank L 
(ii) If B has unique tracial state then A has at most one tracial state. 

Proof. For (i), note that B has a countable approximate identity for itself because h is strictly 
positive in B, (see [3, p. 327]). Thus, by [4], A and B are stably isomorphic, i.e. A<^% = B®%, 
where % is the algebra of compact operators on separable Hilbert space. But [17, 3.6] states 
that 

si{A) = 1 -^ st{A ®%) = l 

and similarly for B, hence 

st{A) = 1 -^ si{B) = 1. 

To see (ii), note that span{x/ia/iy | a, x, y G ^4} is dense in A. If r is a tracial state on A 
then T{xhahy) = T{h^'^ahyxh^'^) and h^''^ahyxh^''^ £ i?, so r is determined by r| . 

n 



We will say that a positive element, /i € A is full if the hereditary subalgebra HAh is full 
in A. The following fact is easy to show. 
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Proposition 2.6. Let A be a C* -algebra and let B be a full hereditary C* -subalgebra of A. 
Then A is simple if and only if B is simple. 

In fact, (see [16]), it is well-known that the representation theories of a C*-algebra A 
and its hereditary C*-subalgebra B are equivalent. 

The reduced free product of two two-dimensional C*-algebras is the most transparent 
nontrivial free product one can consider. It is understood completely and described in the 
proposition below. This description is the starting point for our investigation into reduced 
free products of more general finite dimensional abelian algebras. 

Proposition 2.7. Let 1 > a > /3 > ^ and let 

p i-p g i-g 

(2l,r) = (C© C)*(C© C). 

a 1-a (3 1-/3 

If a> (3 then 

pA(l-q) pAq 

21= C ©C([a,6],M2(C))© C , 

a— (3 Q+/3— 1 

for some < a < b < 1. Furthermore, in the above picture 



1 = 0® ^^^"^^^lei 
VV*(i-*) 1-* / 

and the faithful trace r is given by the indicated weights on the projections p A {1 — q) and pAq, 
together with an atomless measure whose support is [a, b] . 
If a = [3 > ^ then 

pAq 

2t = {/ : [0, b] — > M2(C) I / continuous and /(O) diagonal } © C , 

Q+/3-1 

for some < b < 1. Furthermore, in the above picture 



t ^/t(l-t) 



yt(i-t) i-t 

and the faithful trace r is given by the indicated weight on the projection p A q, together with 
an atomless measure on [0, b] . 
If a = /3 = ^ then 

21 = {/ : [0, 1] -^ M2(C) I / continuous and /(O) and /(I) diagonal }. 
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Furthermore, in the above picture 



, 1 



„= , J V*(i-*) 

and i/ie faithful trace r is given by an atomless measure whose support is [0, 1]. 

Proof. Once the traces of p and q are known, the C*-algebra 21 and the trace r are deter- 
mined by r composed with the functional calculus of pqp. This, in turn, is computed using 
Voiculescu's multiplicative free convolution [20]. To see this proof in more detail, see [8] or 
the proof of the analogous result for von Neumann algebras in [5, 1.1]. 

D 

The following proposition is a variation on Theorem 1.2 of [5] and is proved similarly. 

Proposition 2.8. Let A = Ai(BA2 be a direct sum of unital C* -algebras, write p = 1©0 € A 
and let (pA be a state on A, such that < a = 0a (p) < 1- Let B be a unital C* -algebra with 
state (j)B and let (21, (/)) = (A, (/)a) * {B,(J)b)- Let 2ti be the C* -subalgebra of % generated by 
(0 © ^2) + Cp C A together with B. We abbreviate this by writing 



(2t,(/)) = 


= (^1© A2)*{B,(I)b) 




a 1 — a 


U 




(2ii''^U,) = 


= (C© A2)*{B,(I)b). 

a i-a 



Then p%p is generated by p2lip and ^li © C yl, which are free in {p^p, ^(j)\ o, )• 

The next elementary lemma will come in handy. 

Lemma 2.9. Let B be a unital C* -algebra and (/) a state on B whose GNS representation is 
faithful. If \4>iu)\ = 1 for every unitary, u ^ B, then B = C 

Proof. Let the defining embedding B ^^ L'^{B,(j)) be denoted h ^^ b. Let U{B) denote the 
unitary group of B. Whenever u £ tl{B) then ||u|| = 1 but also |(u, 1)| = 1, so u = al, some 
a G T. But L'^{B.,(j)) = spanjii | u G U{B)}, so L'^(B,(I)) is one-dimensional. This implies 
B = C. 

D 
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§3. When in the presence of one spread thin. 

Let A and B be unital C*-algebras with states, (J)a and (J)b, respectively, whose GNS 
representations are faithful and let 

{%cl)) = {A,(t>A)*{B,cl)B). 

In this section we will prove that if the centralizer of (pA contains a diffuse abelian subalgebra 
then 21 is simple and if, furthermore, (J)a and (J)b are traces then 21 has stable rank 1. The 
diffuse abelian subalgebra is, if you like, "one spread thin." By [9, 4.1(i)], (see Proposition 2.2 
above) this condition is equivalent to the centralizer of ^a containing a Haar unitary, u. 

Denote by 2lo the norm dense *-subalgebra of 21 that is generated by Au B. Then using 
the standard notation A° = ker(f>A and B° = ker 0^, every element, x, of 2lo can be written 
X = xq + xi where xq & A and 

N 

x, = Y,ai^^^^aM^ai^'^...bl^l//l^^ (7) 

j=i 

with TV e N, nij) e N, ai'\al^l^ € A, a['\. . . , a^^^^^.^,^ G A°, b['\ . . . , bl^l^^ G B°. Expressed 
another way, 

(oo 
IJ A B°A°---B°A°B°^ A 
"=1 n times B° 

We begin with a technical lemma. Let u be a Haar unitary in the centralizer of (j)\ and 



write 

^_N d|f ^^_fc I ^ ^ N| 

u^''^'{u>^\k€N}. 

Lemma 3.1. With notation as above, suppose that B ^ C and the centralizer of (pA contains 
a Haar unitary, u. Given e > and x G 21 such that (j){x) = 0, there is a unitary, z G 21 such 
that z*xz differs in norm by no more than e from a finite linear combination of elements of 

oo 



ra=l 



n times _B° 



Proof. Since 2lo is dense in 21, we may assume without loss of generality that x G 2to. By 
Lemma 2.9 there is a unitary element, v £ B, such that < (j)Biv) < 1. Let cq = (J)b{v), 
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Ci = \J\ — Cq and y = [v — col)/ci, so that 1 and y are orthonornial in L'^{B,(J)b)- Let 
n, A; e N and let z = {u^v)^u^ . Write x = xq + xi with xq € A and xi as in (7). 

We first concern ourselves with z*xiz. Writing xi as in (7), let r/ > 0. Since (u^)pgz is 
an orthonornial family in L'^{A,(Pa), we have 

Va G A lim (pA{au^) = = lim (j)A{au~P). (9) 



Using (9) we see that if k is large enough then for every positive integer p and every j, 



6^(u ^'^Cq )| < ry and \(J)a{o-)^c)U^'')\ < V- Since v = cqI + ciy, we have 



5i,...,5„e{0,l} 



where 



-5^1 y* if'^ = i 

^ "* 1 if (5 = 

, y if5 = l 
^1 if (5 = 0. 

If not all the Sj are zero than arKu^y^'^ ■ ■ ■ u^y^^-u^ differs in norm by at most ?7||y||"* (where 
m is the number of 1 < j < n for which 5j = 1) from an element of 

^^ V ' 

m times A°y 

Since ||y|| < (H-co)/ci, we obtain that ci,^L)Z differs in norm by at most Co||a^^/J| + (H-2co)"?7 
from an element of 



span U £y£y_^ 



u^ 



m=l .. .„ 

m times A°y 



Similarly, z*Oq differs in norm by at most CqIIoq || + (1 + 2co)"?7 from an element of 



span 



\J u-^ y*A°y*A°---y*A°^ 

\ m times y*A° 



Therefore z*xiz dffers in norm by no more than 

N 



(.CollOo ll + l-L + ^coj r/j ||o^ a^ Og '^2 "n(j)ll l'^oll'3^„(j)ll + U + ^coj r/j 

J=l 



SIMPLICITY OF FREE PRODUCTS 1:06 o'clock, 7 February 2008 11 

from a finite linear combination of elements from Q. Thus, if n is chosen large enough and 
then k is chosen large enough, then z*xiz can be made arbitrarily close to a finite linear 
combination of elements from 0. 

We now examine z*xoz. Using again v = cqI + ciy we have 

5i,.--,'52„e{0,l} 

We first concentrate on the 2""*"^ — 1 terms when either (5i = ^2 = • • • = (5„ = or (5„+i = 
^n+2 = • • • = 52n = 0. The sum over these terms is equal to 

which has norm no greater than Co||xo||(2+Co). This can be made arbitrarily small by choosing 
n large enough (independently of k). Each of the remaining 2^" — 2"+^ + 1 terms of (10) is of 
the form 

cy[u-''^^y* ■ ■ ■ u-''^^y*u-''^^y*u-''°^XQu'°''yu'^^yu'^'' ■ ■ ■ yu'"^ , (11) 

where I' ,p,q,rj,Sj are positive integers and / > 0. Clearly 

(j){u-'^"''xou'"'') =0(xou(""-'''')^). (12) 

If To = So then (f){u~^'^^ xqu^'^^) = 0(xo) = and hence the term (11) is an element of 0. 
Using (9) we see that by choosing k large enough, each quantity (12) can be made arbitrarily 
small and hence each of the terms (11) can be made arbitrarily close to an element of 0. 
Thus if n is chosen large enough and then k is chosen large enough, then z*XoZ can be made 
arbitrarily close to a finite linear combination of elements from 0. 

Considering the above analyses for z*xiz and z*xqz at the same time, we can choose 
n large enough and then k large enough so that z*xz is arbitrarily close to a finite linear 
combination of elements from 0. 

D 

Proposition 3.2. Let A and B he unital C -algebras with states, (pA and 4>b, respectively, 
whose GNS representations are faithful. Let 

(2l,(/)) = (A</'A)*(i?,0B). 

Suppose the centralizer of (J)a has diffuse abelian subalgebra and B ^ C. Then for every x G 2t 
and e > there are n G N and unitaries zi, . . . ,Zn G 21 such that 



1 " 

)l - -y" z^xZrW < e. (13) 



X 

n 

r=l 
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Consequently, 21 is simple. Moreover, if both (pA and (pB are traces then (p is the unique tracial 
state on 21. // one or both of (J)a and (pB is not a trace then 21 has no tracial states. 

Proof. To prove the existence of z^ such that (13) holds, we may without loss of generality 
assume that x = x* and (j){x) = 0, and we may replace x by a unitary conjugate of itself. 
Let n be a Haar unitary in the centrahzer of (pA Employing Lemma 3.1, we may assume that 
X G spanB, (see (8)). Now we will find zi, . . . , Z5 G u^ such that 

||^^z;xz,||<-||x||. (14) 

r=l 



These will be found using the technique of [15]. With notation similar to (7), we have 

N 

x = yu-'^b\'\\'^---b^'}., ,a^'l, ,6H^.,n™^ 

/-^ 1 1 n(j)-l n(j)-l n(j) ' 



J = l 

for lj,mj £ N. Let K = ioaax{[J--^{lj,mj}) + 1. For 1 < r < 5, let z^ = u^^ . Let 9Jtr be the 
closed subspace of L^(2t, (p) spanned by all words of the form n~^6iai • • • 6nOn with /c € N, 
(r - l)K < k < rK, n G N U {0}, bi, . . . ,bn £ B°, ai, . . . ,a„_i G A° and a„ G A. Clearly 
p ^ q implies dJtp _L 9Jtg. Since z*xZr is a finite sum of words whose left -most letter lies in 
{u~'^ I (r — 1)K < k < rK} and whose right-most letter lies in {u'^ \ (r — l)K < k < rK}, we 
have 

z^xzrim:^:) C mr. 

Denote by E^ the projection from L^(2l, (p) onto dJlr- Given a unit vector, ^ G ^^(21, (p), there 
is some 1 < p < 5 for which ||£^p,^|p < ^. Thus 

5 



\{-Y,Z:XZr^,0\ <^\\x\\ + -\{z;xZptO\ 
r=l 

and since (1 — Ep)z*xZp{l — Ep) = we have 

\{z;xZpC,0\ = \{z;xZpEpC,0\ + \{z;xzp{l - Ep)C,EpO\ < 2\\x\\ WEpCW <^\\x\ 



2 

7!' 



Hence 



!i|:.>..«)l<(i + ^)lHI<|l 



This implies (14). 

To finish the proof of (13), note that the element ^ X]r=i z*xzr obtained above is again 
in spanB. Hence, by repeating this process as many times as necessary, for any e > there 

are n G N and zi, . . . , z„ G vJ^ such that ||^ X]r=i z*xzr\\ < e. 
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Now the remaining facts follow by standard arguments of [15] and [2]. Indeed, suppose 
X is a nonzero, two-sided, closed ideal of 2t. Let a G X\{0}. Since the GNS representation of 
21 associated to (j) is faithful, there must be 6 G 21 such that <j){b*a*ab) ^ 0. Then from (13), 
it follows that <j){b* a* ab)l G X, hence X = 21 and consequently 21 is simple. 

The property described at (13) implies that any tracial state on 2t must be equal to (j). 
If both (/)A and (ps are traces, then the free product state, (p is also a trace, and is thus the 
unique tracial state. If one of (pA and (pB is not a trace, then neither is a trace, hence 2t has 
no tracial states. 

D 

Lemma 3.3. Let x G 2t and let e > 0. Then there are unitaries, zi,Z2 G 21 such that 
\\z\XZ2 — x'W < € for some x' G spanB, with Q as in (8). 

Proof. Let u G ^ be a Haar unitary and v £ B a unitary such that < (psiv) < 1. By 
Lemma 3.1 there is a unitary, z G 21 such that 

\\z*xz-{<j){x)l + x")\\<e/2, (15) 

where x" G spanB. Writing v = cqI + ciy like in the proof of Lemma 3.1, we see that 
{u*v)PuP differs in norm by no more that c^ from an element of spanG. We similarly see 
that {u*v)Px" G span0. Let p be so large that c^ < e/(2 + 2|(/)(x)|). Let zi = {u*v)Pz* and 
Z2 = zu^. Then from (15) we have 

\\zixz2 - {(l){x){u*v)PuP + {u*v)Px"uP)\\ < e/2, 

and from the above discussion there is x' G span0 such that 

\\<j){x){u*v)PuP + {u*vYx"uP -x'\\< e/2. 

Hence \\z1xz2 — x'|| < e. 

D 

The proof of the following proposition uses ideas from [9]. 

Proposition 3.4. Let A and B he unital C* -algebras with faithful, tracial states, ta and tb, 
respectively. Let 

{%,t) = {A,ta)*{B,tb). 
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Suppose A has a diffuse abelian subalgebra and B ^ C. Then 21 has stable rank 1, i.e. the set 
of invertible elements of^ is dense in 21. 

Proof. Suppose for contradiction that the set of invertibles in 21, denoted GL(2l), is not dense 
in GL(2l). Then, by [18, 2.6], there is x G 21 such that ||x|| = 1 and dist(x, GL(2l)) = 1. We 
must have ||x||2 < 1 since ||x||2 = 1 would imply that x is unitary. Let e = 1 — ||x||2. Let u 
be a Haar unitary in A and let t; G S be a unitary such that < TBiv) < 1. By Lemma 3.3 
there are n G N and unitaries, 21,^2 G 21, such that \\z1xz2 — x'\\ < e/8 for some x' G span^n, 
where 

*n = WbiQi ■ ■ ■ bk-ittk-ibkU^ \ k,l,m eN, l,m <n, bj G B°,aj G A°}. 

Let p be so large that c^ < e/(8(||x|| + e)). By writing v = cqI + ciy as in the proof of 
Lemma 3.1, we see that 

||Kt;)Pu"x'-x"|| <e/8 

for some x" G span^„^p where 

^n,p = {ti"'6iai • • • bk-iOk-ibku"^ \ k,l,m e'N, I < p, m < n, bj e B°, Oj G A°}. 
For q eN let Eg : A^ A be 

q+np 

E,{a)= Y. u^{a,{u^r), 

j = q+l 

where we denote the defining embedding A '-^ L'^{A, ta) by o ^> a. Since linij^ao{a, (u^Y) = 
we have limg^oo 1 1 ^g (a) 1 1 = for every a € A. Therefore, there is q, a positive multiple of n, 
such that ||x*-'^^ ~ a^"|| < e/8 for some x^^-* in span\I'^ ^ g, where 

^n,p,q = {u'^^hai ■ ■ ■ bk-iak-ibku"^ \ k,l,m e ISi, I < p, m < n, bj G B", aj G A°,Eq{aj) = 0}. 

Let Xa be a standard orthonormal basis (see [9, §2]) for (A, ta) containing {u, u'^,u'^, . . . , n'^"*""^} 
and let Xb be a standard orthonormal basis for {B,tb)- Let Y = Xa * Xb be the resulting 
free product standard orthonormal basis for (21, r). (Note that, by definition, y\{l} is the 
set of all reduced words in Xa\{1} and Xb\{1}-) Then there is x^'^^ G spany^^ ^^ such that 
||^?2;(3) _ 2;('^)|| < e/8, where 1^ is the subset of Y defined by 



Y:,^p^g = \u'^+^%iai---bk-iak-ibku'- 



l,m,k £ 'N, I < p, m < n, 

bj G Xb\{1}, 

a, GX^\{l,n'^+\n'^+2^...,n'^+"P}|. 
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Now we see that, since no cancellation occurs when we multiply elements of 1^ , (but only 
"u on u contact"), whenever wi, . . . , Wm £ Y^^ we have 

\\W1W2 ■ ■ ■ Wm\\2 = ||t(^l||2||w2||2--- ||t(^m||2- 

Moreover, if Witti2 • • • Wm = w['W2 • • • w'^ for any m G N and Wj,Wj G yn,p,q^ then w'l = Wi, 
W2 = W2, ■ ■ ■ , w'r^ = Wm- The reason for this is that when we take the reduced word of 
W1W2 ■ ■ -Wm, a letter u'^ for q < k < q + np appears at every boundary where Wj touches 
Wj^i, (1 < J < "m, — 1), and nowhere else, and writing u'^ = ■u'^u'^"'"'" for /,r G N and r < n, 
we see that u^ must have been the last letter in Wj and u*^"*"'" must have been the first letter 
in ifj+i, so we can recover the list of letters, wi,W2, • • • , Wm from their product. Thus we see 
that ||(x('^))'"||2 = \\x'-^^\\^ for every m G N and (see [9, 3.2]) KHx^^^)"") = K{x^^^). Now we 
argue as in the proof of [9, 3.8] to show that the spectral radius of x^"^' , denoted r{x^'^'), is no 
greater than ||x('*-'||2. Indeed, let q be the largest block length of the words in the support of 
x^"^', so that, in the notation of [9, 2.2], 



G span M Yj. 



Then, by [9, 3.5], 

VmGN IKx^^))"^!! < (2mfc+l)3/2^(x(^))||x('^)||^, 

where K(x^^>) is a constant. Hence 



r(x(^))=liminf||(x(^))™||^/'" < ||x 



(4)1 



2- 



Therefore dist(a;(4), GL(2l)) < ||x(^)||2. But ||x(^) - u^{u''v)Pu''zixz2\\ < e/2, so 

dist(x,GL(2l)) = dist(u'=(n"t;)Pn"zixz2,GL(2l)) < ||x(^) - n'=(u"f)Pu"zixz2|| + Ik^^^lb 

< e/2 + llx"^"^) - u''(u"f)Pii"ziX2;2||2 + ||u''(u"f)Pu" 21x^2 II2 < e + ||x||2 = 1, 

contradicting the choice of x. 

D 

Note that Propositions 3.2 and 3.4 combine to prove Theorem 2. 
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Proposition 3.5. Let < a < 1, let A be a unital C* -algebra with state (pA whose GNS 
representation is faithful and let 

(21,0) = (C©'c)*(A</'a). 

a 1 — a 

Suppose the centralizer of (J)a has a diffuse abelian subalgebra. Then the centralizer of (pi 
has a diffuse abelian subalgebra. 

Proof. Let u he a Haar unitary in the centralizer of (J)a, let q = u*pu and let B be the 
C* -algebra generated by {l,p,q}. Then p and q are free, so 

(i?,(/)|^) = (C©|c)*(C©'c). 

'^ a 1 — a a 1 — a 

Case 1(3.5). a < 1/2. 

Then by Proposition 2.7 we have for some < 6 < 1 that 

(l-p)A(l-g) 
B^{f : [0, b] -^ M2(C) I / continuous and /(O) diagonal } © C 

1 — 2a 

pBp = C{[0,b]) and (pi is given by an atomless measure on [0,6]. Thus pBp is a diffuse 
abelian subalgebra of the centralizer of (plpAp. 

Case 11(3.5). a = 1/2. 

This is just as in Case I, except now 

B^{f : [0, 1] -^ M2(C) I / continuous and /(O) and /(I) diagonal }. 

Case IIIn(3.5). (n G N). 1 - 2-("-i) < a < 1 - 2"". 

By induction on n. The case IIIi reduces to Cases I and II. Let n > 1. Then a > 1/2 
and by Proposition 2.7 there is some < b < 1 such that 

pAg 

B^{f : [0, b] -^ M2(C) I / continuous and /(O) diagonal } © C , 

2a — 1 

{p — p A q)B{p — p A q) = C([0, b]) and the restriction of </) to {p — p A q)B{p — p A q) is given 
by an atomless measure on [0,6]. Hence it will suffice to find a diffuse abelian subalgebra of 
the centralizer of (l)\, . , ., because adding it to {p — p A q)B{p — p Aq) will give a diffuse 
abelian subalgebra of the centralizer of (j)l . 

We claim that the family {p, q, n^} is free in (21, (j)). Indeed, it suffices to show that every 
reduced word in p — (j){p)l, q — (piq)^ and nonzero powers of u^ evaluates to zero under (p. 



Pi P2 

(C©C©-' 

Ql 02 


■ ■®c)*{a,4>a). 
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However, rewriting each q — <p{q) 1 as u* (p — (^(p) l)u, we see that each such word is equal to a 
word in. p — 4>{p)l and nonzero powers of u. From the freeness of p and u, it follows that this 
word evaluates to zero under (p. 

Hence p A q and u^ are free. Letting D be the C*-algebra generated by {p A q,u'^}, we 
have 

pAq 

(A0|^) = ( C ©C)*(C*(Z),r|J. 

Since 2a — 1 < 1 — 2"'^""-'^), by inductive hypothesis there is a diffuse abelian subalgebra of 
{p A q)D{p Aq). As remarked above, this finishes the proof. 

D 

Corollary 3.6. Let A be a C* -algebra with state (pA whose GNS representation is faithful 
and Zet n € N, n > 2 and 

(2t,</>; 

Suppose the centralizer of (pA has a diffuse abelian subalgebra. Then the centralizer of (j) has a 
diffuse abelian subalgebra containing {pi,P2, ■ ■ ■ ,Pn}- 

Proof. For each j, using Proposition 3.5 and considering the subalgebra of 2t generated by 
A U {pj}, we see that the centralizer of (p\ has a diffuse abelian subalgebra, Dj. Then 

Di + D2 + • • • + Dn is the required diffuse abelian subalgebra of the centralizer of (p. 

D 

§4. Finite dimensional abelian algebras. 

In this section, we examine the reduced free product of (finitely many) finite dimensional 
abelian C*-algebras. The methods used are reminiscent of [5]. 

Some words about notation are in order. The natural notation 

Pl P2 Pn 

{A,ta) = C(BC(B---(BC 

ai a2 Qn 

for a finite dimensional abelian C*-algebra and a faithful state was explained just before 
Theorem 1. Similarly, the notation 

2l = 2to0C 

k 

was explained after that theorem. Analogously, we will often write expressions like 

(2l,(/)) = (ylo©C©---©C)*(S,(/)B). (16) 
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This will mean (21, cj)) = {A, (f)A) * {B,(f)B) where 

^ = ^0 © c e • • • e c, 

^^ V ' 

n times 

where Aq is some C*-algebra, where 

Pfc = 0©---©0©l©0©---©0 



k times n — k times 

and where the state, <J)a, satisfies <j)AiPk) = oik- In the case of (16) we will always assume 
that every a^ > 0, that ^" a^ < 1 and that the GNS representation of the restriction of 
4>A to ^0 © © • • • © is faithful. Usually, we will also desire that the centralizer of the 
restriction of (J)a to tIq © © • • • © have an abelian subalgebra on which it is diffuse, (see 
Definition 2.1). This is conveniently expressed by writing "the centralizer of (p\ has a diffuse 
abelian subalgebra." 

Lemma 4.1. Let 

P <Jl 92 

(2l,(/>) = (Ao©C)*(C©C), 
where the centralizer of (j)\ has a diffuse abelian subalgebra. Take (3i > (32- Then 

ro 

2lo ifa + Pi<l 

m p/\qi 

Of _ y 2lo © C ifa + (3i>l,a + (32<l 

^ — ^ Q+/3l-l 

n, pf\qi 23AQ2 

2lo© C © C i/a + /32>l, 

a+/3i-l a+ft-l 



(17) 



where the centralizer of (j)\ has a diffuse abelian subalgebra which contains r^p and a dijfuse 
abelian subalgebra which contains r^qi, and where r^p is full in SIq. 

^/0L ^^ ^ trace then the stable rank of^ is 1. 

If a + (3i 7^ 1 and a + [32 7^ 1 then 2to is simple. If, in addition, (j)\ is a trace then 
0(''o)~^0Lr ^"5 ^^^ unique tracial state on 2to and if (t)\ , is not a trace then 2lo has no tracial 



^0 
states. 



Whenever a + (3i = 1 for i G {1,2}, there is a *-homomorphism, vTi : 2to ^ C, such that 
T^iirop) = l = TTi{qi). 

If a + Pi = 1 and a + /32 < 1 then qi is full in SIq and ker tti is simple. If, in addition, 
(j)\ is a trace then (/)(ro)~^(/)|, is the unique tracial state on kervri and if 4>\a is not a 

trace then ker vri has no tracial states. 
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If a + Pi > 1 and a + (32 = 1 them q2 is full in 2to and ker 7r2 is simple. If in addition, 
01 is a trace then (j){rQ)~-^(f)\ is the unique tracial state on ker7r2 and if 4>\. is not a 

trace then ker 7r2 has no tracial states. 

If a + Pi = 1 and a + P2 = 1 (which implies a = Pi = 2) then qi is full in ker7r2 
and q2 is full in kervri and (kervri) n (ker7r2) is simple. If in addition, (j)\ is a trace then 
(/)(ro)~^(/)|, , is the unique tracial state on kervri nker7r2 and if 4>\^ is not a trace 

then ker tti n ker 112 has no tracial states. 

Proof. Let 2li be the C*-subalgebra of 2t generated by {l,p,q}, so 

(2li,0| ) = CC ®C)*(C©C). 

^1 1 — a a f3i /32 

By Proposition 2.8, (1 — p)2t(l — p) is isomorphic to the free product of (1 — p)2ti(l — p) and 
Aq. We use Proposition 2.7 to find 2ti. We will also use that 21 is generated by 

(1 - p)2l(l - p) U (1 - p)^ip U p^ip. 

Case 1(4.1). a> Pi. 
Then 

PA(J2 / \ PA91 

2li= C ©(C([a,6])®M2(C))e C 
SO (1 — p)2l(l — p) — C{[a, b]) * Aq is simple by Proposition 3.2. Thus 

PA(J2 / \ pAiji 

21^ C e (C([a,fe])*Ao)®M2(C) e c . 

Letting tq = 1— pAqi— pAq2 we then have that 2to = rgSl = {C{[a, b]) * Aq) (g) M2(C) is 
simple. If (/)| is a trace then (1 — p)2l(l — p) has stable rank 1 by Proposition 3.4. Thus also 
21 has stable rank 1. Finally, clearly ro2ti is in the centralizer of (p. Hence the centralizer of 
(j)\„, has a diffuse abelian subalgebra which contains rop and another which contains rggi. 

Case 11(4.1). a = Pi> ^. 

Then 

pAqi 

2li = {/ : [0, b] -^ M2(C) I / continuous and /(O) diagonal } C , (18) 

a+f3-l 

with p = f „ „ I © 1 and 01 = ( , ^ 1 © 1. Moreover, p Aq-i is minimal and central 

VOO/ V vt(i-t) i-t / 

in 21 and, by Proposition 3.2, (1 — p)2l(l — p) — C{[0, b]) * Aq is simple. Consider the central 
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projection, tq = 1 — p A gi and let 2lo = ro2l. Because roSli is in the centralizer of </), the 
centralizer of (j)\„, has a diffuse abelian subalgebra which contains r^p and and another which 
contains ro^i- Let TTp/{q^ : roSli ^ C be the *-homomorphism defined, in the notation of (18), 



by 



4Ag.(/)= the(l,l)-entryof/(0). 



so that vrp/(^2 ('"oP) = 1 = T^p/\q2{Q2)- Clearly tq is also central in 2t and the linear span of 
rop2lip+ (1 -p)2l(l -p) + (1 -p)2l(l -p)2lip + pai(l -p)a(l -p) +p2li(l -p)2l(l -p)2lip 

is dense in SIq. Thus vTp/^q^ extends to a *-honioniorphism vrpAqa : 2lo — > C such that 

ker 7rS,^ + (l - p)2l(l - p) + (1 - p)2l(l - p)aip+ 

(19) 
+p2ti(l - p)2l(l - p) + p2ti(l - p)2l(l - p)2lip 

spans a dense subset of ker TTp/^q^ . 

We now show that kervrp/^g^ is simple. Since (1 — p)2l(l — p) is simple, by Proposition 2.6 
it will suffice to show that (1 — p)2l(l — p) is full in kervTpAcja- ^^^ clearly 1 — p is full in 
kenTp/(q^ and p2li(l — p) Q kenVp^q^. Hence by the denseness of the span of (19) in keviTp/^q^, 
there is no proper ideal of ker TTp/^g^ containing (1 — p)2t(l — p). 

Suppose (j)\. is a trace. Then (1 — p)2l(l — p) has stable rank 1 by Proposition 3.4. Since 
1 — p is full in kervTp/xq^, also kervrpAqa ^^^ stable rank 1 by Proposition 2.5(i). Then 21 has 
stable rank 1 by Proposition 2.4. 

Finally, we show that §2 is full in SIq. Suppose I is an ideal of 2lo containing 52- Looking 
at the ideal of 2li generated by 52, we see that 2 contains a nonzero element of ker vrpAqa ) hence 
by simplicity contains all of kerTTp^g^- But q2 ^ ker-TTpAga ^ind 2to/ker VTpAga is one-dimensional, 
hence 2lo ^ I- 

Case 111(4.1). (3i> a> (32- 

Then 

giA(l-p) , -. qiAp 

2li= C ©(C7([a,5])®M2(C))e C 

/3i— a V / /Si+Q — 1 

and 

(1 _ p)2i(i _ p) ^ r^'c'"^ © c{[a, b])) * Ao 

\ Pi -a J 

is by Proposition 3.2 simple. Let tq = 1 — gi Ap and SIq = ^qSI. Clearly 1 — p is full in roSli and 
thus is full in SIq. Hence 2lo is simple. If Z) is a diffuse abelian subalgebra of the centralizer of 
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(j)\ then D + {p~qi/\p)'Qii{p — qi^.p) is a diffuse abelian subalgebra of the centrahzer of (^1 
and contains r^p. By Proposition 3.5 and considering the C*-subalgebra of (1 — p)2l(l — p) 
generated by {qi A (1 — p)} U Aq, we see that there is a diffuse abelian subalgebra, D, of the 
centrahzer of 01 , „,_, ,.„,, ^,, .,. Then 

D + (?22ti(?2 + {qi -qi/\{l-p)-qi/\ p)2li (gi - gi A (1 - p) - gi A p) 

is a diffuse abelian subalgebra of the centralizer of (pi and contains r^qi. 

If 01 is a trace then by Proposition 3.4 (1 — p)2l(l — p) has stable rank 1. So by Propo- 
sition 2.5(i), 2to has stable rank 1. We know 

pAqi 

2t = 2lo © C , 

a+/3i-l 

SO 21 has stable rank 1. 
Case IV(4.1). 1 > a = /^a- 
Then 

(l-p)Agi 

2ti = C © {/ : [a, 1] -^ M2(C) | / continuous and /(I) diagonal }, (20) 

withO<a<l,p = 0©(;°),gi = l©(^v^).Thus 

giA(l-p) 



(l-p)2l(l-p)-(' C (BC{[a,l]))*Ao 



is by Proposition 3.2 simple. Moreover, if D is a diffuse abelian subalgebra of the centralizer 
of 01 then D + p%\p is a diffuse abelian subalgebra of the centralizer of and contains 
p. By Proposition 3.5 and considering the C*-subalgebra of (1 — p)2t(l — p) generated by 
{(7i A (1 — p)} U ylo, we see that there is a diffuse abelian subalgebra, D, of the centralizer of 

'^l(giA(l-p))2l(giA(l-p))- '^^^^ 

D + gsSligs + (gi - gi A (1 - p))2li(gi - gi A (1 - p)) 



is a diffuse abelian subalgebra of the centralizer of and contains gi 

'pAgi 



Let TTpA : 2li — > C be the *-honioniorphism defined, in the notation of (20) by 



^'i, (A © /) = the (l,l)-entry of /(I), 
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SO that vrp/(gj (p) = 1 = TTp/{g^ (gi). Then the hnear span of 

p'Qiip + (1 - p)2l(l -p) + {l~ p)2l(l - p)^ip + p2li(l - p)a(l -p)+ p2ti(l - p)2t(l - p)2tip 

is clearly dense in 21 so vrp/^g^ extends to a *-homomorphism vrpAqi : 21 — > C such that 

ker4A^,^ + (l -p)2t(l -p) + (1 -p)2t(l - p)2tip+ 

(21) 
+p2ti(l - p)2l(l - p) +p2ti(l - p)2l(l - p)2lip 

spans a dense subset of ker vTpAgi • 

Like in Case II, since 1 — p is full in kerp/(^^ and since (1 — p)2l(l — p) is simple, it follows 
that kevTTp^g^ is simple. 

If (pi. is a trace then by Proposition 3.4, (1 — p)2l(l —p) has stable rank 1. Since 1 — p is 
full in ker TTp/\q^ , also ker vrpAgi has stable rank 1 by Proposition 2.5(i). Thus by Proposition 2.4, 
2t has stable rank 1. 

Finally, we show that qi is full in 21. Suppose X is an ideal of 21 containing qi . Looking at 
the ideal of 2li generated by gi, we see that X contains a nonzero element of ker vTpAgi , hence 
by simplicity contains all of ker VTpAcji • But gi ^ ker VTpAgi and VTpAgi is one-dimensional, hence 
2tCX. 

Case V(4.1). /?2 > a. 

Then 

(l-p)Agi . s (l-p)Ag2 

2ti= C ©(C([a,6])®M2(C))© C 



and 



/(l-p)Agi (l-p)Ag2x 

:i-p)2t(l-p)^ ( C ©C([a,6])© C )*Ao 



>32-° 
1-a 



is by Proposition 3.2 simple. Since 1 — p is full in 2ti, is follows that 2t is simple. 

Moreover, if Z) is a diffuse abelian subalgebra of the centralizer of (j)\ . then D + p2tip 
is a diffuse abelian subalgebra of the centralizer of (f) and contains p. By Proposition 3.5 and 
considering the C* -subalgebra of (1 — p) 21(1 ~ p) generated by {gi A (1 — p), ^2 A (1 — p)} U 
Aq, we see that there are a diffuse abelian subalgebras, Di and 1^2, of the centralizers of 
'^l(g.A(i-rt)2i(g.A(i-p)) ^^d' respectively, </>|(^^^(,_^))^(^^^(,_^)). Then 
Di + (gi - gi A (1 - p))2li(gi ~ gi A (1 - p)) + D2 + (92 - 92 A (1 - p))2li(92 - 92 A (1 - p)) 

is a diffuse abelian subalgebra of the centralizer of (j) and contains 91. 

If (/)| . is a trace then by Proposition 3.4 (1 — p)2l(l — p) has stable rank 1. Hence by 
Proposition 2.5(i) also 21 has stable rank 1. 
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Case VI(4.1). /?i = a = 1. 

Then 

2li = {/ : [0, 1] -^ M2(C) I / continuous, /(O), /(I) diagonal }, (22) 



withp=(;M,gi=( ,^v^).Thus 



Vt(i-t) 1-t 

(l_p)2t(l-p)-C([0,l])*^o 



is by Proposition 3.2 simple. Moreover, clearly 2li is in the centralizer of (p and has diffuse 



abelian subalgebras containing p and, respectively, qi. For i G {1;2} let tt^A. : 2li — * C be 



the *-honioniorphism defined, in the notation of (22), by 



TT, 



(1) 
pAg, 



Af) 



the (l,l)-entryof /(I) if i = 1 
the (l,l)-entryof /(O) if i = 2, 



so that T^p/lq^p) = 1 = T^plq^qi)- Then the linear span of 

p'^ip + (1 - p)2l(l - p) + (1 - p)2l(l - p)2lip + p2li(l - p)2t(l - p) + p2li(l - p)2t(l - p)2lip 

is clearly dense in 21 so T^p/lq^ extends to a *-honioniorphisni TTp/^q^ : 21 — > C such that 

kervrg,, n ker 4a,,+(1 - p)2t(l - p) + (1 - p)2t(l - p)2lip+ 

(23) 
+j92li(l - p)2t(l - p) + p2li (1 - p)2l(l - p)2tip 



Like in Case II, since 1 — p is full in ker^ A^ n keipl and since (1 — p)2l(l — p) is simple. 



spans a dense subset of ker vTpAgi H ker vrp^g^ . 

r^' ,,... 
it follows that kervrpAgi H ker TTpAga is simple. 

If 01 . is a trace then by Proposition 3.4 (1 — p)2l(l — p) has stable rank 1. Since 1 — p is 
full in kervTpAgi ^ ker VTpAga) by Proposition 2.5(i) also kervTpAgi H ker VTpAga l^^s stable rank 1. 
Since 2t/(ker7rpAgi nkervTpAga) is two-dimensional, it follows from Proposition 2.4 that 2t has 
stable rank 1. 

We show that qi is full in ker vTpAga- Suppose T is an ideal of kervTpAga containing qi. 
Multiplying by elements of 2ti, we see that I contains a nonzero element of ker VTpAgi ) hence by 
simplicity contains all of kervTpAgi Hker VTpAga- I^^^ qi ^ kervTpAgi and VTpAgi is one-dimensional, 
hence ker vTpAga — -^- '^^^ proof that (72 is full in ker vTpAgi is the same. 

We now examine the question of existence and uniqueness of tracial states on the algebras 
delineated in the statement of the lemma. In all the cases above, it follows from Proposition 3.2 
that (1 — j))2t(l — p) has tracial states if and only if (/>| is a trace, and then the free product 
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state gives the unique tracial state on (1 — j»)2t(l — p). Moreover, the element 1 — p is full in 
the simple algebras under consideration, i.e. 

1 — p is full in 2lo in Cases I, III and V, 

1 — p is full in ker vTpAga ™ Case II, 

1 — p is full in ker T^pAqi in Case IV, 

1 — p is full in ker T^pAqi H ker TTp^q^ in Case VI. 

It then follows from Proposition 2.5(ii) that in each of the Cases I-VI, the corresponding 
algebra has tracial states if and only if 01 is a trace, and then the restriction of (f){rQ)~^(j) to 
this algebra is its unique tracial state. (In the non-unital Cases II, IV and VI, one easily sees 
that the above normalization gives a state by looking at the subalgebra roSli.) 

D 



Lemma 4.2. Let 



pi P2 qi 92 

(2i,</)) = (^o©c©c)*(cec) 

Qi a2 /3i /32 



where the centralizer of (j)\ has a diffuse abelian subalgebra. Let 

L+ = {{i,j) \ai + (3j>l} 

(24) 
Lo = {{i,j) \ai + ^j = l}. 

Then 

n, -. PiMj 

2t = 2lo© C , 

(*,j)G-L+ 

where the centralizer of (f)\ has a diffuse abelian subalgebra which contains r^pi and a diffuse 
abelian subalgebra which contains r^qi. 

U4'\a ^"5 CL trace then the stable rank of^ is 1. 

If Lq is empty then 2lo is simple. If, in addition, 01 is a trace then 0(ro)~^0L, is the 
unique tracial state on 2to and if <j)\ is not a trace then 2lo has no tracial states. 

If Lq is not empty, then for every {i,j) € Lq there is a *-homomorphism Tr(^ij^ : Stg ^ C 
such that TT(^ij){rQPi) = 1 = 7r(ij)(rogj). Then 

(i) 

is simple. If 6] is a trace then (l)(ro)~-^(j)\^ is the unique tracial state on 2loo o,nd 

lAo i-^no 

if 4>\a is not a trace then 2loo has no tracial states. 
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(ii) For each i G {1,2}, roPi is full in 2to n || ker7r(i/j). 

{i',j)€Lo 
i =^i 

(iii) For each j G {1, 2}, r^qj is full m SIq n || kenr(^ij/y 

Proof. We will assume that ai > ai and /3i > 02- To prove the lemma in its full generality, 
we will now be careful to find a diffuse abelian subalgebra of the centralizer of (j)\„, containing 
{ropi,rQP2}, not only ropi. Let 2ti be the C*-subalgebra of 21 generated by Aq + C{pi + P2) 
together with {qi,q2}, i-e. 

P1+P2 91 92 

(2ti,,/)| ) = (^© C )*(C©C). (25) 

'^1 Qi+a2 /3i /32 

We find 2ti using Lemma 4.1. Then, by Proposition 2.8 

/ Pl P2 \ 

(pi +P2MP1 +P2) = (pi +P2)Mpi +P2) * [_C_ © ^_j (26) 

We consider three cases. 

Case 1(4.2). ai + 02 + /9i < 1. 

Then by Lemma 4.1, the centralizer of (/)| has a diffuse abelian subalgebra, D, which 
contains pi + P2 and pi + P2 is full in 2ti. Hence by Proposition 3.2 [pi +^2)21(^1 + P2) is 
simple. Also, pi + P2 is full in 21, hence 21 is simple. If ^Ao is a trace then by Proposition 3.4 
{pi +^2)21(^1 +P2) has stable rank 1. Hence by Proposition 2.5(i) so does 21. The application 
of Lemma 4.1 to (25) yields a diffuse abelian subalgebra of the centralizer of (f) which contains 
{91, 92}- Applying Corollary 3.6 to (26) shows that the centralizer of (j)\, , -,0,^ , x has a 
diffuse abelian subalgebra, D' , containing {pi,P2}- Then (1 — pi — P2)D{1 — pi — P2) + F>' is 
a diffuse abelian subalgebra of the centralizer of (f) containing {pi,P2}- 

Case 11(4.2). ai + 02 + /?! > 1 cind ai + 02 + /32 < 1- 

Note that this implies 

L+ = {(i,l)|a, + /3i>l} 

Lo = {(i,l) \ai + (3i = l}. 

Applying Lemma 4.1 to (25) shows that 

'"1,0 (pi+P2)Agi 

2li = 2li,o © C 

Q:i+Q2+/3i-1 
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where ri^o = 1 ~ (Pi + ^2) A qi, where the centrahzer of (j)\ has a diffuse abehan subalgebra 
containing ri^o(Pi +P2) and where each of ^1^0(^*1 + P2) and 92 is full in 2li^o- Then 

(Pl+Pl)Aqi 
(Pl +P2)2ti(pi +P2) = {Pl +P2)2li,o(pi +P2) © C 






So from (26) and Lemma 4.1, 

(Pl+P2)2l(pi+P2)=£!'o© '''C' , 

(i,l)€L+ c<i+ci2 

where r2,o = J"! +P2 - Z](i,i)eL+Pi ^^^i- Since 21 is generated by (pi +P2)^{pi +P2) U2li, we 
have 

2l = 2lo© fl^ C 

(j,i)eL+ 

where the linear span of 

2l2,o + 2l2.o2li,o(l - Pl ~ P2) + (1 - Pl - P2)2li,o2l2,0+ 

(27) 
+ (1 - Pl - P2)2li,o2l2,o2li,o(l - Pl - P2) + (1 - Pl - P2)2li,o(l - Pl - P2) 

is dense in SIq. Thus tq = r2,o + (1 ~Pi ~P2)- Now the centralizer of 01 has a diffuse abelian 

' -"2.0 

subalgebra, Z?, which contains {r2,oPi)'''2,oP2}- Letting D' be a diffuse abelian subalgebra of 
the centralizer of (J)\a it follows that D + D' is a diffuse abelian subalgebra of the centralizer 
of (j)\ and contains {ropi,roP2}. 

Let now D be a diffuse abelian subalgebra of the centralizer of (/)| containing r2,o((pi + 
P2)/\Qi) and D' be a diffuse abelian subalgebra of the centralizer of (/>| containing {ri^o^i) 12}- 

' -"1,0 

Then r2,o((pi + P2) A qi)D + L>' is a diffuse abelian subalgebra of the centralizer of (/)| and 
contains { ^2 , '''0 9i } • 

Since ri o(pi +P2) S 2l2,o and is full in SIi^qj it follows that 2l2,o is full in SIq- If Lq is 

empty then 2(2,0 is simple, hence (by Proposition 2.6) Sip is also simple. 

(2) 
Otherwise, if Lq is nonempty, for every (i, 1) G Lq there is a *-homomorphism vrK ^-, : 

(2) (2) 

2l2,o — * C such that vrK -j^s (r2,oPi) = 1 = ttK ^s(r2,o((pi +P2) A Qi)). Using the denseness of the 

span of (27) in 2lo, we see that vrK'^^x extends to a *-homomorphism ttuu : SIq ^ C such that 

7r(i i)(roPi) = 1 = vr(j i)(rogi) and the linear span of 

kervrfy^) +2l2,o2li,o(l -Pl -P2) + (1 - Pi - P2)2li,o2l2,o+ 

+ (1 - Pl - P2)2li,o2l2,o2li,o(l - Pl - P2) + (1 - Pl - P2)2li,o(l - Pl - P2) 

is dense ker7r(i 1). 
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Let 



2l2,oo = 2l2,o n fl kervrfj^.. 



(*,i)- 

(i,l)6Lo 

From the application of Lemma 4.1, 2l2,oo is simple. Since 2l2,oo contains ri^o(Pi +^2)5 which 
is full in 2I1.0, it follows that 2l2,oo is full in 2loo- Then (by Proposition 2.6), 2loo is simple. 
Let i G {1, 2}. We now show that ropi is full in 



2lo n [^ ker7r(i/^i). 



(i',l)Gio 

Suppose X is an ideal of the algebra in (28) containing r^p^. Since r2^o ^ '''0 ^-iid (by Lemma 4.1) 
1^2, oPi is full in 

2l2,on fl kervrfj?^), (29) 

(i',i)eio 

I must contain the algebra in (29). Hence, arguing as above, 2li^o ^ ^T. Thus 



2l2,o n fl kervrfy^^) +2l2,o2li,o(l "Pi -^2)+ 



(i',l)6io 



+ (1 - Pi - P2)2li,o2l2,o + (1 - Pi - P2)2li,oa2,o2li,o(l - Pi - P2) ^ X, 



proving that the algebra of (28) is contained in X. 

Similarly, since r2,o((pi +P2) A qi) is full in 2t2,0; it follows that roqi is full in SIq. 

If (j)\ is a trace then from Lemma 4.1 we have that 2I2 and indeed 2l2,o has stable rank 1. 
The fullness of 2t2,o in 2lo implies (via Proposition 2.5(i)) that 21q has stable rank 1, hence 21 
has stable rank 1. 

Finally, concerning existence and uniqueness of traces, from Lemma 4.1 we have that 
2t2 00 has a tracial state if and only if 61 . is a trace, and then (i>(r2 o)~^0lo, is its unique 
tracial state. The same statement for 2too then follows from fullness of 2t2,oo in 2loo and 
Proposition 2.5(ii). (One can easily check the normalization.) 

Case 111(4.2). ai + 02 + /32 > 1- 

Since /32 < ^ we must have ^ < ai + a2- Let n € N be least such that ai + a2 < :;^- 
Thus n > 2. We will proceed by induction on n, proving the case n = 2 and the inductive 
step simultaneously. Applying Lemma 4.1 to (25) we have 

ri,o (pi+P2)Agi (pi+P2)A(j2 

2ti = 2li,o © C © C , 

Q:i+Q2+/3i— 1 Q:i+Q2+/32-1 
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where ri^o = 1 — (pi + P2) A gi — (pi + P2) A ^2, where the centrahzer of 4>\ has a diffuse 
abeUan subalgebra containing ri^o(Pi +P2) and where 2li^o is simple. Thus from (26), 

/ (pi+P2)Acji (pi+P2)Aq2 \ 



cvi+Qo a-i+ao 0-^+02 0:1+0^2 



Pl 




P2 


c 


© 


c 


"1 




"2 



Now since ^^ < ai + 02, we have 

ai + 02 + /3i - 1 ai + 02 + /32 - 1 _ „ 1 n - 2 

01+02 0:1 + 02 02 + 02 n — I 

The inductive hypothesis (or, when n G {2,3}, the previously considered Case I or Case II,) 
applies and we have, with L_(_ as in (24), 

{Pi + P2)2l(pi + P2) = 2t2,o © © C , 

where r2,o = J^i + ^2 - Z](ij)eL+ ^^ ^ ^.r ^^ obtain that 

2l = 2lo© © C 

(«.j)eL+ 

and that the span of (27) is dense in SIq. So tq = r2,o + (1 — Pi — ^2)- Letting D be a diffuse 
abelian subalgebra of the centrahzer of (j)\^. containing |r2 oPi)'''2 0P2} and D' be a diffuse 
abelian subalgebra of the centrahzer of (/)| . , we see that D + D' is a diffuse abelian subalgebra 
of the centrahzer of (j) and contains {ropi,roP2}- 

Let D be a diffuse abelian subalgebra of the centrahzer of (h\ that contains |((pi + 
P2) A qi)r2fi-, {{pi +P2) A (72)^2,0} and let D' be a diffuse abelian subalgebra of the centrahzer 
of 01 that contains {ri^o'?i)'''i,o'?2}- Then 

r2,o((pi+P2) Agi)i:' + r2,o((m + P2) Aq2)D + D' 

is a diffuse abelian subalgebra of the centrahzer of 01 and contains {rQqi,rQq2}- 

Since ri^o(Pi +P2) S 2l2,o and is full in 2li^0) it follows that 2l2,o is full in 2lo- If -^O) as 

in (24), is empty then 2l2,o is simple, hence (by Proposition 2.6) 2lo is also simple. 

(2) 
If Lq is nonempty, then for every {i,j) € Lq there is a *-homomorphism vr^^ -, : 2l2,o ~^ C 

such that 7rl:^.s(r2,oPi) = 1 = '7r/^.s(r2,o((pi+P2)Agj)), and this extends to a *-homomorphism 

^{i,j) : 2lo -^ C such that TT(ij){rQPi) = 1 = TT(ij){rQqj) and the linear span of 

kervrfg.) +2l2,o2li,o(l -Pl - P2) + {I - Pi - P2)'^i, 0^^2,0+ 

+ {1-pi- p2)2ti,o2t2,o2ti,o(l - Pl- P2) + {l-pi- P2)2li,o(l -pi- P2) 
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is dense ker7r(ij). 
Let 



2t2,oo = 2l2,o n fl ker^(') 






From the application of Lemma 4.1, 2l2,oo is simple. Since 2l2,oo contains rifi{pi + P2), which 
is full in Sli^O) it follows that 2l2,oo is full in 2loo- Then (by Proposition 2.6), 2loo is simple. 
Let i G {1, 2}. We will now show that r^pi is full in 

2lon f] ker7r(,,j). (30) 

{i',j)€Lo 
i ^i 

Suppose X is an ideal of the algebra in (30) which contains r^pi. Since r2,o ^ '''0 ^^ud since 
'r2,QVi is fuU in 

2l2,on fl kervrfy^^.), 

i ^i 

this algebra must be contained in T. Then ri^o(Pi +P2) G T. Since Sli^o is simple, it is then 
contained in X. Hence 

2l2,o n [\ kervrfy^^.) + ^2,0^1,0(1 - Pi - ^2) + 



(i',i)eLo 



+ {1-Pi- P2)2li,o2l2,o + {1-Pi- P2)2li,o2l2,o2li,o(l -Pi- P2) e X, 



proving that the algebra of (30) is contained in X. 
Let j £ {1, 2}. We now show that vqQj is full in 



2lon f] ker7r(,,jv). (31) 



{i,j')eLo 

Suppose X is an ideal of the algebra in (31) which contains r^qj. Since r2,o ^ '"o and since 
r2,o'?j is full in 

2l2,on fl kervrjg,), 

{i,j')€Lo 

this algebra must be contained in X. Then ri^o(Pi +P2) S X, which as before shows that the 
algebra of (31) is contained in X. 

The required results about the stable rank of 21 and the existence and uniqueness of traces 
on 2I00 follow from the inductive hypothesis because (in the simple case) 2t2,o is full in 2lo or 
(more generally) 2t2,oo is full in 2loo- 

D 



Pi 

c©- 


Pn gi 92 

••©C)*(C©C). 

«n /9l /32 
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Lemma 4.3. Let n € N, n > 3 and let 

(21,0) 

Let 

L+ = {{i,j) \ai + pj > 1} 

(32) 
Lo = {{i,j)\ai+Pj = l}. 

Then 

where the centralizer of (f)\ has a diffuse abelian subalgebra which contains r^pi and a diffuse 
ahelian subalgebra which contains rQqi. 

The stable rank of^ is 1. 

If Lq is empty then SIq is simple and (^(ro)~^(^| is the unique tracial state on SIq. 

If Lq is not empty, then for every {i,j) G Lq there is a *-homomorphisrmT(^ij-j : 2to — > C 
such that 7r[ij){r()Pi) = 1 = 7r(ij)(rogj). Then 

(i) 

is simple and <j){rQ)~^(j)\ is the unique tracial state on SIq. 

' -"00 

(ii) For each i £ {1,2, . . . ,n}, r^pi is full in 

2ton fl ker^(i,,j). (33) 



(iii) For each j G {1,2}, r^qj is full 



m 



2ton fl ker^(,,j,). (34) 



{i,j')eLo 



Proof. We proceed by induction on n, proving the initial step n = 3 and tire inductive step 

simultaneously. Let 2li be the C*-subalgebra of 2t generated by (C(pi +P2) + Cps -\ Cpn) U 

(C^i + Cga). Thus 

PI+P2 P3 Pn qi 92 

(2li,(/)L, )^( C ©C©---©C)*(C©C). 

'-*i q:i+Q2 0:3 Ct„ /3i /32 
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By the inductive hypothesis when n > 3 or by Proposition 2.7 when n = 3, letting 



L+ = {{i,j) I ai + f3j > 1} Lo = {{i,j) \ ai + Pj = 1} 

4') = {(i,i) M > 3, a, + /3, > 1} 4'^ = {(i,i) \i>3,a, + l3j = 1} 

-^V = {j I ai + ^2 + /3j > 1} ^0 = {j I ai + 02 + /3j = 1} 

L_,_ = L+\L_,_ Lq = Lq\Lq , 



(35) 



we have 



'"1,0 __ (pi+P2)Agj PiAgj 

and there is a diffuse abehan subalgebra of the centrahzer of (pi containing ri^o(Pi +^2)- By 
Proposition 2.8, {pi+P2)^iPi+P2) is freely generated by {pi+P2)^iiPi+P2) and (Cpi + Cp2), 
so 

P2 \ 

(m+P2)2l(pi+P2)= I (m+P2)2li,o(pi+P2)© m C_|*( C © C . 



©(pi+P2)Agj \ / pi 

c * c 



Noting that \L'_^\ < 2, we may use one of Lemma 4.2, Lemma 4.1 or results from §3 to show 

(pi+P2)2t(pi+p2) = 2t2,o© C 

Hence 

2t = 2lo© C , (36) 

where tq = r2,o + ^i,o(l ~ Pi ~ P2) and the linear span of the set in (27) is dense in SIq. 

The inductive hypothesis (or Proposition 2.7) yields for every {i,j) G Lq a *-homo- 
morphism 7t^^\^ : 2ti,o -> C such that vr|^^^^(ri,oPi) = 1 = '^llj){ri,oqj), and for every (z, j) G 

(2) (2) (2) (2) 

LJ^ a *-homomorphism tt^^/.^ : 2l2,o ^ C such that 7r^\^)(r2,oPi) = 1 = 7r^\^)(r2,ogj)- Looking 
at (27), one easily sees that each of these *-homomorphisms can be uniquely extended to a 
*-homomorphism, '7r[ij) : 2lo ^ C, so that TT(ij'){ropi) = 1 = TT(^ij'j{roqj). 
Let 

2ti,oo = 2ti,o n f] keryrf^'^^^.), 
2t2,oo = 2t2,o n f] kervrfg). 
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Since ri^olPi + P2) S 2li^oo H 2l2,oO) we see from the denseness of the span of (27) in Slg that 

the hnear span of 

2l2,o + 2l2,oo2li.oo(l -Pi- P2) + {l-pi- P2)2ll,oo2l2,00+ 

(37) 
+ (1 - Pi - P2)2ti,oo2t2,oo2li,oo(l - Pi - P2) + (1 - Pi - P2)2ti,o(l -Pi- P2) 

is dense in 2lo and hence the hnear span of 

2t2,oo + 2l2,oo2ti,oo(l -Pi- P2) + (1 - Pi - P2)2ti,oo2l2,00+ 

+ (1 - Pi - P2)2li,oo2l2,oo2ti,oo(l -Pi- P2) + {l-pi- P2)2li,oo(l -Pi- P2) 
is dense in 2loo- Note that ri^o(Pi +P2) is full in 2ti_oo- Since ri_o(pi +P2) G 2t2,oO) this implies 
that 2(2,00 is full in SIqo- Since 2t2,oo is simple, it follows from Proposition 2.6 that 2too is 
simple. (This also shows that 2to is simple when Lq = 0.) 

Let us now prove part (ii). If i G {1,2} then the linear span of 



2t2,on 



f^ ker[y^^.J +2l2,oo2li,oo(l-Pi-P2) + (l-pi-p2)2li,oo2l2,oo+ 

i ^i 

+(1 -pi- P2)2li,oo2t2,oo2li,oo(l - Pi - P2) + (1 - Pl " P2)2li,oo(l - Pi - P2) 
is dense in (33). But r2,oPi is full in 

2i2,on n K'.r 

Since this latter algebra contains ri^o(Pi +^2)5 which is full in Sti^oo it then follows that r^p. 



is full in the algebra (33). Now take i G {3,4, . . . ,n}. For j G L'q let vL .^ : 2li^o -^ C be the 
*-homomorphism such that vrL .s(j»i +P2) = 1 = vrL .s(gj). We have that ri^oPi is full in 

which in turn contains (1 ~ pi — J>2)2ti,o(Pi +P2) £^i^d 

(1 - Pi -P2) (211,0 n n ker7r{J?^.)Vl-pi-p2). 

But {pi +P2)(njeL' kervrL .s)(pi +P2) meets 212,00, which is simple. Hence any ideal of the 
algebra (34) which contains roPi must also contain 

2l2,oo + 2l2,oo2ti,oo(l - Pi - P2) + (1 - pi - P2)2ll,oo2l2,00+ 

+ (1 - Pi - P2)2li,oo2t2,oo2li,oo(l - Pi - P2)+ 



+ (1- Pi -P2) (211,0 n n ker7r{^?^.)Vl-pi-p2), 

i' ^i 
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which is dense in the algebra (34). This shows that r^pi is fuU in (34). 
We now prove part (iii). We have that ?"i,o9j is full in 

2li,on fl ker7r{J).,)n f] kervrf^,), (38) 

which in turn contains (1 — pi — P2)^ifi{pi +P2) and 

{I -Pi- P2) (211,0 n fl ker vrf J,)] (1 - pi 



(i,j')G4'^ 



'P2 

(1) '^ 

'0 

If 3i such that {i,j) G Lq then ai + a2 + /?j > 1 so {pi + P2) /\ Qj 7^ and r2,o((pi +P2) A g^ 
is full in 

.(2) 



2t2,on fl kervrj^,). (39) 

Hence any ideal of the algebra (34) that contains vqQj must contain 



2l2,o n fl ker[^^^^.,) j + 2l2,oo2li,oo(l -Pi -P2) + (1 -Pi -152)2li,oo2l2,oo+ 






+ {l-pi- P2)2li,oo2l2,oo2ti,oo(l - Pi - P2) + 

+ (1- Pi -P2) (211,0 n n ker[^^^)^.,)Vl-pi-p2), 



whose span is dense in (34). On the other hand, if there is no i such that (i,j) € Lq then 
the algebra (39) is 2t2,oO) which is simple. By a dimension argument, the algebra (38) meets 
2l2,oo- Hence any ideal of the algebra (34) that contains r^qj must contain 

2(2,00 + 2l2,oo2li,oo(l - Pi - P2) + (1 - Pi - P2)2ll,oo2l2,00+ 

+ {l~Pi- P2)2li,oo2l2,oo2li,oo(l - Pi - P2) + 

+ (1- Pi -P2) (211,0 n n ker[^'^^^.,)j(l-pi-p2), 

3' ¥"3 

whose span is dense in (34). Thus tqQj is full in (34). 

The required results about stable rank and uniqueness of the trace follow as in previous 
lemmas from the fact that 2(2,00 is full in 2loo. 

D 
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Lemma 4.4. Let n eN LI {0} and let 

Pl Pn qi Q2 

(21, 0) = (^0 e c e • • • e c ) * (c e c), 

Ol 0!„ /3i /32 

where the centralizer of (jyl has a diffuse abelian subalgebra. Let L+ and Lq be as in (32). 
Then 

2t = 2to© C (40) 

where the centralizer o/(/>| has a diffuse abelian subalgebra which contains r^pi and a diffuse 
abelian subalgebra which contains r^qi. 

V^PIa ^"5 CL trace then the stable rank of^ is 1. 

If Lq is empty then 2to is simple. If, in addition, 01 is a trace then (/)(ro)~^(/)L, is the 
unique tracial state on 2to and if <j)\ . is not a trace then 2lo has no tracial states. 

If Lq is not empty, then for every {i,j) € Lq there is a *-homomorphisrmTu,j\ : 2to — ^ C 
such that TT(^ij){rQPi) = 1 = 7r(ij)(rogj). Then 

(i) 

is simple. If (j)\ . is a trace then (/)(ro)~^(?!)| is the unique tracial state on 2to and if 
01 is not a trace then 2loo has no tracial states. 
(ii) For each i G {1, 2, . . . , n}, rQPi is full in 

2ton f^ ker^(,,,j). (41) 

(i',j)Gio 



(iii) For each j £ {1,2}, rQqj is full in 



2ton fl kern^ij,). (42) 



{i,j')€Lo 



Proof The cases n = 0, 1, 2 have been already proved. Let pq = 1 — Yl^Pj ^'^'^ ^^^ ^i be the 
C*~subalgebra of 21 generated by (Cpo + Cpi + • • • + Cp„) U (Cgi + Cq2), so that 



(2li,, 



pa Pl 

■c©c©- 


Pn 91 92 

••©C)*(C©C). 


an ai 


On /3i /32 
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Let 

Lj')={(0,i)|ao + /3i>l} 
4°)={(0,j)|«o + /3i = l} 

We use Lemma 4.3 to find 

r-1,0 Pi/\qj 

2ti=2ti,oe © C . 

a,+/3,-l 

Then by Proposition 2.8, po^iPo and ylo freely generate po^po. Hence by Proposition 3.2, 
Po^Po is simple. So (40) holds where tq = po + (1 — Po)'"i,o ^ind where the linear span of 

Po%o+Po2tpo2li,o(l-Po) + (l-po)2ti,oPo%o+(l-Po)2li,oPo2tpo2li,o(l-Po) + (l-Po)2ti,o(l-Po) 

(43) 
is dense in SIq. The application of Lemma 4.3 gives for each (i,j) € Lq L) Lq a *-homo- 
morphism n^^y.^ : 2ti,o -> C such that vr|^^j)(ri,oPi) = 1 = '^[Ij^ifiMi) ^^^ t^en ri^oPo is fuh 
in 

2ti,on f] kervrfg). (44) 

For each (z,j) G Lq, "^(Vf) extends to a *-homomorphism '/r(i^j) : SIq — > C whose kernel is 
densely spanned by 

Po^Po +Po2lpo2li,o(l -Po) + (1 -Po)2li,oPo2lpo+ 

+ (1 -po)2ti,oPo%o2ti,o(l -Po) + (1 -po)(ker^[2))(l -Po). 

Since the algebra (44) contains both (1 — Po)(2li,o H Pl^^ i)eLo kervr.^ .s(l — po)) and (1 — 
Po)^i,oPo, from the denseness of (43) in 2lo we see that po is full in 2too- Since po^Po is simple, 
by Proposition 2.6 this implies that 2too is simple, (hence when Lq is empty, 2lo is simple). 
From the facts, for {i,j) G Lq, that ri^oPi is full in 

2ti,on n ker^[J)^.)n n kervrJJ^^.), 
(o,j)g4°' (i'-j)eLo 

which by a dimension argument contains a nonzero element of po2li,oPO) and that every positive 
element of po2tpo is full in 2loO) we obtain that r^pi is full in (41), proving (ii). 
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Because ri^^qj is full in 

which meets Po^i^oPo, we similarly obtain that r^qj is full in (42), proving (iii). 

If 01 is a trace then, by Propositions 3.2 and 3.4, po^Po has unique tracial state and 
stable rank 1. Since po^po is full in 2too; by Proposition 2.5 the same hold for 2too (which is 
just 2lo when Lq is empty) and (j){rQ)~^<j)\ is then seen to be the unique tracial state. 

If (j)\ . is not a trace then by Proposition 3.2, po^Po has no tracial state, so neither does 
Sinn have a tracial state. 



D 



The following proposition proves Theorem 1. 
Proposition 4.5. Let 



Pi Pn gi qm 

(2i,(/>) = (c©---©c)*(ce---e c), 

"1 an Pi Pm 

where n> 2 and m > 3. Let 

L+ = {{i,j)\a, + ^j>l} 

Lo = {(i,i)|a. + /3j = l}. 
Then 

r„ PiMj 

where the centralizer of (f)\ has a diffuse ahelian suhalgehra containing r^pi. 

If Lq is empty then 2lo is simple, nonunital and (j){ro)~^(j)\ is the unique tracial state 
on SIq. 

If Lq is not empty, then for every {i,j) € Lq there is a *-homomorphism -K(^ij) : 21q ^ C 
such that TT(^ij){rQPi) = 1 = 7r(i .,)(rogj). Then 

(i) 

is simple and nonunital and 4'ii^o)~^4'\^i i^ the unique tracial state on 2loo- 
(ii) For each i G {1, 2, . . . ,n}, r^pi is full in Slg n || ker T^(i',j) ■ 



P1+P2 P3 


Prz qi 


(2ii,0| )-( c ece- 


••e C)*(C 


an /3i 
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Proof. We proceed by induction on min(n,m). If niin(n, ?ti) = 2 then Lemma 4.3 applies to 
prove the desired results. If niin(n, m) > 3 then take n < m and let 2li be the C*-subalgebra 

of 2t generated by (C(pi + P2) + Cpg H Cp„) U (Cgi + • • • + Cg„). Thus 

q-m 

••e c). 

By inductive hypothesis, letting L_|_, Lq, L\^ , Lq , L'_j_, Lq, L^_^ and Lq ^ be as in (35), we 
have 

^ ai+a2+/3,-l Vl^ a,+/3^._i 

and there is a diffuse abelian subalgebra of the centralizer of (j)\ containing ri^o(Pi +^2)- By 
Proposition 2.8, (pi+P2)2l(pi+P2) is freely generated by (pi+P2)2li(pi+P2) and (Cpi + Cp2), 
so 

/ (pi+P2)Agj 

(Pl +P2)2l(pi +P2) = bi +P2)2li,o(pi +P2) © C 

1 VJ^ Q!J+Q!2+/ 



Pi 




P2 


c 


© 


c 


Oil 




^2 



JGL^ ci+c<2 / \"l+"2 o=l+<»2. 



Applying Lemma 4.4 yields 



'-2,0 PiAgj 

(pi+P2)2t(pi+p2) = 2t2,o© C . 

,„ ai+/3i-l 

Hence 

2l = 2lo© C , 

where tq = r2,o + ^i,o(l — Pi — P2) and the linear span of the set in (27) is dense in SIq. 

Now the proof of this proposition follows verbatim the proof of Lemma 4.3 after equa- 
tion (36), except we must also show that when Lq is nonempty then 2loo is nonunital. Suppose 
for contradiction that SIqo is unital with identity e. Then e 7^ rg but ex = exe = xe for every 
X G SIq. Thus e is in the center of SIq. But by the results of [5], the strong-operator closure of 
2lo (in the GNS representation associated to 0| ) is a Ili-factor. This gives a contradiction, 
because e must be in the center of this von Neumann algebra. 

D 

Remark 4.6. By the same proof, one shows that for every nonempty subset, F, of Lq, the 
ideal P|/^ Ng^ker 7r(ij) of 2lo is nonunital. 

The following lemma can be proved from Proposition 4.5 using Proposition 2.8 in the 
same way that Lemma 4.4 was proved from Lemma 4.3. 
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Lemma 4.7. Let 

Pl Pn qi Qm 

(2i,0) = (Ao©c©---ec)*(ce---e c), (46) 

where the centralizer (pl has a diffuse ahelian suhalgehra and where n > 1, m > 2. Or, let 



Pl 





••ec), 


an /3i 


/3,„ 



{%4>) = {Ao e c e ■ ■ ■ e c) * {Bo e c e ■ ■ ■ e c), (47) 



where the centralizer of each of(j)\. and 0| has a diffuse ahelian suhalgehra and where n>l, 
m> 1. 
Then 

where the centralizer of (f)\ has a diffuse ahelian suhalgehra containing r^pi and another 
containing roqi. 

If Lq is empty then SIq is simple. 

If Lq is not empty, then for every {i,j) G Lq there is a *-homomorphisrmr(^ij^ : 2to ^ C 
such that Tr[ij){roPi) = 1 = 7r(ij)(rogj). Then 

(i) 

is simple and nonunital and (j){ro)~-^(j)\ is the unique tracial state on 2loo- 
(ii) For each i G {1,2, . . . ,n}, r^pi is full in 2to n [I kcr 7r(j/^j). 

(i',j)ein 

(iii) For each j G {1,2, . . . ,m}, roPj is full in 2lo H [| kervr/j ^z). 

(i,j')eLo 

Moreover, if (pAo is a trace (and if, in the case of (4^), (f)\„ is a trace) then 21 has stable 
rank 1 and (j){rQ)~^(j) is the unique tracial state on 2to when Lq is empty or 2loo when Lq is 
nonempty. Otherwise, 2lo, respectively Sloo? has no tracial state. 

As promised in §1, a result similar to 4.5 holds for free products of more than two finite 
dimensional abelian C* -algebras. 

Proposition 4.8. Let N £ 'N, N > 3 and for each i G {1, . . . , A''} take a finite dimensional 
ahelian C -algehra and faithful tracial state, 

Pl.I Pi. 2 Pt,n(i) 

{A„T,)= C © C ©•••e C , (48) 

Ot,l ai.,2 Q:t,n(i) 
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where n{i) € N, n{i) > 2. Let 

N 

(2l,r)= *(A,rJ 



39 



and let 



L. 



Lr 



W)l. 



N 



Ed 

t=l 

N 

ml, E(i 



a 



'•.j(0- 



< 1 



(49) 



a 



tjCO^ 



U. 



t=i 



Then 



21 = 2lo © C 



,Ar 



AT 



w/iere /or j = (j(O)^i e ^+, 7j = 1 ~ EtLi(l " "^jXo) "'^'^ '^i = AtliP^j(0- -^^'^ ^"^^ 
1 < /, < A?^ and each 1 < k < n{i), 2to has a diffuse abelian subalgebra which contains rop^^k- 
Moreover, 21 has stable rank 1. 

If Lq is empty then 2to is simple and (^(ro)~^(/»L, is the unique tracial state on SIq. 

// Lq is nonempty then for every j = (j(i))^i € Lq there is a *-homomorphism, ttj : 
2to ^ C such that yi < l < N 'n'j{pi,j(i,)) = 1. Then 

(i) 



% 



def 



00 



f^ ker 



■Ki 



jGLo 



is simple and nonunital and (pir^) -"^^l is the unique tracial state on Sloo- 
(ii) For each 1 < i < N and each 1 < k < n{i), r^p^^k is full in 

2lo n [^ ker ttj . 

Proof. The proof is by induction on N, and the case N = 3 and inductive step are proved 
simultaneously. Let ^n-i be the C*-subalgebra of 21 generated by IJ^^]^ A^. Use the inductive 
hypothesis (or, when N = 3, Proposition 4.5 or Proposition 2.7) to find 

N-l 

{^N-i,r\ )= * (A,rJ. 

'■<*iV — 1 t=l 

Then 

and one uses Lemma 4.7 to find 2t. 



D 
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One can generalize this to the free product of finitely many (say N) algebras of the form 
^0 ffi C © • • • © C, either, as Proposition 4.8 was proved, by using Lemma 4.7 and induction on 
N, or, as Lemma 4.4 was proved, by applying Proposition 4.8 and Lemma 3.2. One obtains 
the following result. 

Proposition 4.9. Let N G N, N > 3 and for each i G {!,... ,A''} let (^4^,0^) be either a 
finite dimensional abelian algebra with a faithful state as in (4-8) or 

Pl,1 Pl,2 PL,n(L) 

(A,(/)J = A,o© C © C ©•••© C , (50) 

where n{i) G N, n{i) > 1 and where the centralizer of (pA has a diffuse abelian subalgebra. 
Let 

N 

(2l,r)= *(A,r.) 
t=i 

and let L+ and Lq be as in (49). Then 



21 = 2lo © C 



where for j = (i(O)ili G L+, Jj = 1 - E^i(l " «^j(o) ^'^^ ^J = A!IiPt,j(0- V each 4>,\^^ ^ 
is a trace then 21 has stable rank 1. 

If Lq is empty then 2lo is simple and if each 0J . is a trace then (/)(ro)~^i?i>L. is the 
unique tracial state on SIq. If some 0J . is not a trace then 2lo has no tracial states. 

If Lq is nonempty then for every j = (j(i))^i € Lq there is a *-homomorphism ttj : 
2lo — > C such that yi < i < N ttj{pi,j(i,)) = 1. Then 

2too = n k^^^j 

is simple and nonunital and if each (^J . is a trace then (/)(ro)~^(/>L. is the unique tracial 
state on SIqo- If some (bA . is not a trace then SIqo has no tracial states. 

Restricting the above proposition to the case when each Ai^^q is abelian, we obtain the 
following result about the free product of finitely many abelian C*-algebras. 

Corollary 4.10. Let N G N, N > 2 and for each 1 < i < N consider the abelian C* -algebra 
and state (C(Xt), J -duc), where fi^ is a regular, Borel probability measure on X^ whose support 
is all of Xi, and having at most finitely many atoms, each of which is an isolated point of Xi,. 
Let 

N 

[%t)= *JC{X,),j.dti,). 
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Let 



L+ = {x = (xj.^i 



Lo = {x = (xj,=i 



AT >| 

,ex,,Y,{l-^l,{{x,]))<l\ 

N >| 

1=1 J 



Assume that no X^ is a one-point space and also exclude the case when N = 2 and Xi and 
X2 are both two-point spaces. Then 2t has stable rank 1 and 



2l = 2lo© C (51) 



a 



^N 



where ax = 1 ~ X](,=i(l ~ ^td^^t}))- If Lq is empty the 2to is simple and has unique tracial 
state r(ro)"V| . 

If Lq is nonempty, then there are distinct, surjective *-homomorphisms, tt^ : ^0 ^ C, 
{x £ Lq), such that 

2I0O = n k^^^a; 

xGLo 

is simple and nonunital and has unique tracial state T(ro)~"'^r| . 

§5. More general abelian C* algebras. 

In this section we will investigate free products, 

(2l,r) = |^(C(Xj,/.d^J, 

of abelian C*-algebras and states, {C{X^), J ■ dfi^), each of which can be written as an inductive 
limit of the abelian algebras and states considered in Corollary 4.10. The criterion for simplicity 
of the free product of such abelian algebras is the same as for finite dimensional abelian 
algebras, namely, 21 is simple if and only if there are not atoms x^ G X^ of /i^ (1 < i < N) 
such that ^^ (1 — /i({xt})) < 1. However, in the case when there are atoms x^ satisfying 
"^^ (1 — fi{{x^})) < 1, we don't always get a corresponding copy of C as a direct summand of 
2t. In fact we get such a direct summand, i.e. a minimal and central projection in 21, like r^ 
in (51), corresponding to these atoms, if and only if each x^ is an isolated point of X^. 

Definition 5.1. Let X be a compact, Hausdorff, topological space and let ^ be a regular, 
Borel, probability measure on X. We say {X, jj) is an inverse limit of spaces and measures with 
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isolated atoms if X is an inverse limit, X = Jim(X„,K„), of compact Hausdorff spaces, X„, 
and surjective, continuous maps, k„ : X„+i — > X„, (n G N), such that letting Xn : X ^ Xn 
be the resulting canonical, surjective maps and letting /i„ = (A„)*(/i) be the push-forward 
measures, each fin has at most finitely many atoms and each atom of fin is an isolated point 
of Xn and, moreover, if x G Xn and if k~^{{x}) has more than one point, then x is an atom 
of fin- 

Examples 5.2. In each of the following cases, (X, fi) is an inverse limit of spaces and measures 
with isolated atoms. (One can easily cook up more intricate examples as well.) 

(i) /i has no atoms 

(ii) all the atoms of fi are isolated points of X 
(iii) X is separable and totally disconnected 

(iv) X = {0} U U^i [ 2n+i ' ik] ■^ith the relative topology from R, and fi has a unique atom 
at 0. 

Proposition 5.3. Let N G N, N > 2, and for each I < l < N let {Xi^,fi^) be a compact 
Hausdorff space and a regular, Borel, probability measures, each of which is an inverse limit 
of spaces and measures with isolated atoms. Assume each X^ has more than one point and 
each fii, has support equal to all of X^. Exclude the case when N = 2 and Xi and X2 are both 
two-point spaces. Let 

(2l,r) = |^(C(Xj,/.d/iJ. 



Let 



X 



N N ^ 

(^t)(,=i ^ 11 "^^f- y.^^ ~ l^t.{{xt.})) < 1, each x^ is isolated in X^ > 
t=i t=i J 

N N \ ^ 

i^n^^ j;(i-^.(K}))<i \/+. 
1=1 t=i J \ 



L=lx = (xJil 



Then 21 has stable rank 1 and 



2l = 2lo©0C, (52) 



where a^ = 1 ~ Xl(,=i(l ~ A*t({^t})) '^''^d where r^ = /\^=iPx,, with p^^ G C{X^) the char- 
acteristic function of {xt}. // L is empty then 2to is simple and has unique tracial state 
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If L is nonempty then for every x G L there is a *-homomorphism TTa; : 2lo -^ C such that 
whenever f G ^(XJ we have TTx{f) = /(a^J- Moreover, 

2too = f] kervTa; 

x€L 

is simple and nonunital, and has unique tracial state. Finally, for each nonempty subset, 
F (^ L, the ideal f^^^p^^ei^TTx o/2to is nonunital. 

Proof. Let X^ = lim(X, ^i, n, „) be an inverse limit with properties as in Definition 5.1, and 
let Xi,^n '■ Xi, -^ X^^n and Hi,^n = (At,n)*(Ait) the corresponding map and measure. Thus, we 
may regard C{X^^n) as a unital C*-subalgebra of C(XJ, where the state j -d^i^ restricts to 



/ -dfJ-c^n, and C{X) = IJ^i C{Xi^n)- If y S X^^n is an atom of fj,i,,n and if A^ ,^({y}) contains 
no atoms of ^^ then since A~^({y}) is clopen in X^ we may change (Xt^„,/it^„) by substituting 
At~n({y}) foi' y and changing ^,^n accordingly. Then we must modify every {X,^n+k, fJ'i,n+k) 
too. By doing so, we may assume without loss of generality that whenever n € N and y G X^^^ 
is an atom of ^^^ then A~^({y}) contains an atom of /i^. 

Let c = max{;U^({x}) | x G X^, 1 < i < N}. Then c < 1. If x^ G X^ appears as 
one of the co-ordinates in an element of L U /-|_ then 1 — fii^{{x^}) + (iV — 1)(1 — c) < 1, so 
/^t({xt}) > {N — 1)(1 — c). Therefore, L U /_|- is finite. Moreover, if ^u^ has infinitely many 
atoms then their masses form a sequence tending to zero, so there is e > such that whenever 
x,€X,{l<i<N) and (xj^^ L U /+ then X:^i(l - ^({xj)) > 1 + e. 

Let Xt G X^ be an atom of fi^- If 2;^ is an isolated point of X^ then for n large enough 
'^rn({'^t,n(X(.)}) ~ {^t} and hence the characteristic function of {x^}, which we called p^^, is 
in C{X^^n)- We assume without loss of generality that this holds for every n and for every l. 
If Xt is not an isolated point of X^ then (A~^({At^„(xJ})) is a neighborhood base for x^ 
and, since ^^ is a regular measure whose support is all of X^, we have 

/Ut,n({At,n(a;J}) > ;U,,„ + i({A^,„ + i(x,)}) > /it({xj) 

and lim„^oo A*(,,n({At,n(a^(,)}) = A*(,({a^(.})- Thus, for n large enough we have for every atom, 
Xt G Xt of ;[it, that 

/U.,n({A.,„(xJ}) < ;ti,({xj) + e/iV. 

We assume without loss of generality this holds for every n and for every t. 
Then whenever x^^n S X^^^ is an atom of Hi,^n and 

AT 

^il-fi,,nix.,n))<l, (53) 

t=l 
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there is a unique (xj^^^ G L U 1+ such that Xt^„ = At^„(xt), (1 < t < A''). Moreover, if 
{xc)^^i G /+ then the atoms At^„(xJ and x^ have the same mass, and if equahty holds in (53) 
then each x^ is an isolated point of X^. 

Let 2l„ be the C*-subalgebra of 21 generated by IJ^^]^ C{X^^n). Then 

and by Corollary 4.10 and the facts discussed above we have 



2l„= 21^,0© C © C, 



where /+, ax and r^ are as in the statement of the proposition and where 



L+ = lx = {x,)l, € l| f;(l - ^,(K})) < l| 

N 
an,x = 1 - ^(1 - IJ'c,n{{K,nix,)})) 



L=l 

N 

L = l 



where Px,,n £ C'l-^t.n) is the characteristic function of {At^„(xt)}. Also, letting Lq = L\L_|_, 
for each x £ Lq there is a *-homomorphism TTn^x '■ ^n,o ~^ C sending Px,,n = Px, to 1, 
(1 <i<N). 



We have 2l„ C 2l„+i and 21 = Un=i 2ln- Let 

™ra,0 ~ 2l„ © H~7 ^ • 



n,0 



Then 21^0 C 2i;_^i q and (52) holds with 2lo = U^=i K,o- If ^ = then each 21^0 = 21 
is simple with unique tracial state and thus their inductive limit, 2lo, is simple with unique 
tracial state. Suppose L is nonempty. For each x = (xt)^;^ G L let 7r^^„ : 21^ q — > C be the 
*-homomorphism sending Px,,n ^^ 1, (1 < ^ < -/V)- Then 



2ln,oo = n k^^^^ 



def 

rreL 



is simple with unique tracial state. Clearly TTx,n+i is an extension of 'Kx,n-, so taking the 
inductive limit we get, for each x G L a *-homomorphism vr^ : 2lo -^ C. When restricted to 
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C(Xt), TTx gives evaluation at x^ € X^. Then 2loo is the inductive hmit of the algebras 2l„^oO) 
and thus is simple with unique tracial state. 

We now show that 2loo is nonunital. First consider the case when L_|_ is nonempty. Then 
for each x = (xj^^ G L_|_, an,x decreases to the limit X](,=i(l ~ ^td^t})) but is never equal 
to this quantity. Suppose for contradiction that e € 2too is the identity of SIqo- Let n G N and 
a £ 2l„^oo- Then there ism > n such that an,x > Cim,x and thus rn^x—'''m,x £ 21^,00 is a nonzero 
projection. Since a € kervr^^a;, since '7r^,a;('"n,a;) = 1 and since r^^x is a minimal projection of 
2tn,oo, we must have arn^x = and hence a{rn,x - rm,x) = 0. But e{rn,x - rjn,x) = rn,x - rm,x, 
so 

J- I r n,a: ^77T,,a;|| 1 1 \^ ^)\^n,x '^m.,x)\\ _ \\^ ^Ir 



This contradicts that e G Un^",oo- 

If L_(_ = then Lq is nonempty, so each 2l„^oo is nonunital. But this implies that their 
inductive limit, 2loO) is nonunital. 

The same technique shows that each ideal HxP-F ^^^ ^^ °^ ^o ^^ nonunital. 

D 

Although the above proposition was stated only for free products of abelian C*-algebras, 
a similar result is easily proved for free products of inductive limits of the algebras of the form 
^0 © C • • • © C that were considered, for example, in Proposition 4.9. 

§6. Free products of infinitely many algebras. 

In this section we consider the reduced free product of infinitely many finite dimensional 
abelian C*-algebras. Although such free products of infinitely many algebras can fail to be 
simple, they never get a copy of C as a direct summand, and hence their proper, nontrivial 
ideals, if any, are always nonunital. Moreover, the center of the free product algebra is always 
trivial, even when its von Neumann algebra closure (i.e. the strong-operator closure of the 
GNS representation) has projections that are both minimal and central. 

Theorem 6.1. For each l (^'N let {A^jT^) be a finite dimensional abelian algebra with faithful 

state as in (48). Let 

(2l,r)= *(A,T,). 
t=i 

Then 21 has stable rank 1. Let 

^ = {(j-W),^i|Bi-«..w)<i}- 
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If L is empty then 21 is simple and t is the unique tracial state on 21. 

Otherwise, if L is nonempty, then for each j = (jX^-))^! € L there is a *-homomorphism 
TTj : 21 — > C such that lyjip^^j^i:)) = 1 for every i G N. Then 

2too = n ^^^ ^J 
is simple and nonunital. Moreover, letting 

7(^ t\ is the unique tracial state on 2too- Finally, for every nonempty subset F Q L, the 
ideal f]-^pkerTTj is nonunital. 

Proof. The proof follows in a straightforward manner by using Proposition 4.8 and taking 
inductive limits. To show that 2too and each of the other proper, nontrivial ideals of 2t are 
nonunital, an argument like that in the proof Proposition 5.3 (in the case L_|_ nonempty) is 
used. 

D 

Of course, similar results for free products of infinitely many abelian algebras of the 
form considered in §5 or infinitely many algebras of the form Aq (B C (B ■ ■ ■ (B C considered in 
Proposition 4.9 are easily obtained. 

§7. Conjectures. 

This section contains a couple of related open problems which seem likely to have solutions, 
though I don't yet see how to find them. 

Conjecture 7.1. Let C{X) and C{Y) be unital, abelian C* -algebras having faithful states 
given by probability measures fix on X and fiy on Y . Let 

(2t,r) = {C{X), f • dfix) * (C(y), / • dfiy). 

Then necessary and sufficient conditions for 2t to be simple is that for every x £ X and y £ Y , 
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Proposition 7.2. The conditions named in Conjecture 7.1 are necesary for simplicity of^. 

Proof. Suppose the conditions of 7.1 are not satisfied. Let C C X be the set of atoms of fix- 
If C is finite then let D = C. If C is infinite then let C denote the closure of C in X and let D 
be a totally disconnected, separable, compact, Hausdorff space equipped with a continuous, 
surjective map X : D ^ C. (That such a space exists is a well-known result.) For each c (^ C, 
choose /(c) G X~^{D). Let vd be the measure on D given by '^d({/(c)}) = ij.x{{c}) and 
i'£){D\f{C)) = 0. Replace D by the support of iy£,. Let i^x' be the measure on X that when 
restricted to X\C gives the same measure as fix and such that i^x'iC) = and let X' be 
the support of i^x'- Let Xa be the compact Hausdorff space that is the disjoint union of X' 
and D and let /ix„ be the measure on Xa obtained from vx' and i^d. Let kx '. Xa ^ X he 
the surjective, continous map composed of the inclusion X' ^-^ X and X : D —^ X. Then nx^ 
is the push-forward measure, fiXa — {'^x)*iP'x)- Therefore kx induces an injective, unital 
*-homomorphism, ttx '. C{X) —^ C{Xa), preserving the states defined by the measures /Ux„ 
and fix- Do the same for Y, getting Try : C{Y) — > C(Ya). 
Now Proposition 5.3 applies to the free product 

(21', r') = {C{Xa)J- dfixj * (C(y„),/ • dfiyj- 

If condition of Conjecture 7.1 is not satisfied then there are x G Xa and y (z Ya such that 
fiXa i{^}) '^fJ'Ya {{y}) ^ 1) which by 5.3 implies the existence of a *-homomorphism tt : 21' — > C 
that when restricted to C{Xa) is evaluation at x. Since r' is faithful and kx and Ky are 
trace-preserving inclusions, they induce an inclusion 21 ^-^ 21'. Then vrl is a nonzero *- 
homomorphism, so 21 is not simple. 

D 

We now look at free products of finite dimensional algebras, and we use the notation of [6] 
for a faithful state on a finite dimensional algebra. Thus, if Z? = ©,-=i M„^(C), we write 

K 

(!?,</)) = M„^(C) 

to mean that the restriction of (/) to the jth. summand of D is given by Tr{-H) where Tr is the 
trace on M„.(C) of norm Uj and where H is the diagonal matrix with aj,i, . . . , Oj.n down 
the diagonal. 
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Conjecture 7.3. Let 

K2 

(^2,</>2) = M^^.(C) 

be finite dimensional C* -algebras with faithful states and let 

(2l,(/)) = (y4i,(/)i)*(A2,02) (54) 

be the reduced free product C* -algebra. Then necessary and sufficient conditions for 21 to be 
simple are that if Hj = 1 for some j then for every 1 < k < K2 

1 ^^ 1 

■" 1=1 ' 

and if rrij = 1 for some j then for every 1 < k < Ki 

1 ^^ 1 



i=l 



If the above conjecture is true, then in particular 21 is simple whenever each Uj > 1 and 
each rrij > 1. This conjecture is inspired by the results of [5] and [6], which show that necessary 
and sufficient conditions for the von Neumann algebra free product analogous to (54) to be a 
factor are that if Uj = 1 for some j then for every 1 < k < K2 



mfc 



JJ 7 = 1 ' 

and if rrij = 1 for some j then for every 1 < k < K^ 

-" 2 = 1 ' 

Moreover, using this von Neumann algebra result and an argument similar to the one used in 
Proposition 7.2 we see that (55) and (56) are necessary conditions for the simplicity of 21. 

For some results about certain reduced free product C*-algebras with respect to non- 
tracial states, see [lOl. 
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